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Introduction

The notion of κ-Ohio completeness was introduced in [7], and it is
a natural generalization of Ohio completeness, which was introduced
by Arhangel′skĭı in [2]. He showed it to be a useful concept in his
study of remainders of compactifications and generalized metrizability
properties. For instance, using Ohio completeness, he proved that given
a topological group G with a Gδ-diagonal remainder, then either G is
locally compact, or G is metrizable ([2, Theorem 4.19]).

For a fixed cardinal number κ, we say that a space X is κ-Ohio
complete if for every compactification γX of X there is a Gκ-subset S

of γX such that X ⊆ S and for every y ∈ S ∖X, there is a Gκ-subset
of γX that contains y and misses X. If κ = ω, we simply say that the
space is Ohio complete.

Let us notice that in the definition of κ-Ohio completeness we can-
not replace ‘for every compactification’ by ‘for some compactification’.
For instance, in the third chapter we will prove that the space Rω1

is not Ohio complete; nevertheless its Čech-Stone compactification
satisfies the properties for being Ohio complete. This is something un-
usual; other classical properties like Čech-completeness can be defined
in terms of properties of just some compactification. For example, it is
well-known that a space is Čech-complete if and only if it is a Gδ-subset
in some (equivalently: every) compactification. This is something that
makes κ-Ohio completeness an interesting property in itself.

The aim of this dissertation is to study κ-Ohio completeness in a
systematic way, pointing out the similarities and the differences that
surface with respect to Ohio completeness. Most of the results we prove
are valid in general, but there are some which strongly depend on the
value of κ.

xi



xii Introduction

The first chapter contains preliminary results from general topology
and can be skipped by an experienced topologist.

We will start the second chapter by giving examples of classes of
spaces that are κ-Ohio complete, for a fixed cardinal κ. Examples are
spaces with either Lindelöf or Čech-number at most κ, spaces with a
Gκ-diagonal, and pκ-spaces. We will moreover present a useful cha-
racterization of κ-Ohio completeness. Later on, we shall study the
behaviour of κ-Ohio completeness with respect to subspaces. It turns
out that κ-Ohio completeness is not hereditary. So we will focus our
attention on closed subspaces; surprisingly, the question whether κ-
Ohio completeness is closed-hereditary is open. However, we will prove
that closed and C∗-embedded subspaces of κ-Ohio complete spaces are
again κ-Ohio complete. Hence, in normal spaces, κ-Ohio completeness
is closed-hereditary. For uncountable cardinals, we will prove a cha-
racterization of closed subspaces of κ-Ohio complete spaces. The last
part of the second chapter is devoted to sum theorems. We will show
that κ-Ohio completeness is preserved by taking both κ-locally finite
closed sums and point-finite open sums. So in particular, κ-Ohio com-
pleteness is preserved under taking topological sums. Furthermore we
will prove under the assumption d = ω1 that the countable union of
ω1-Ohio complete spaces is again ω1-Ohio complete.

A natural problem is to investigate the behaviour of κ-Ohio com-
pleteness under taking products. This is the topic of the third chapter.
We do not know whether the product of a κ-Ohio complete space with
a compact space is again κ-Ohio complete. This problem turns out to
be related to the question whether closed subspaces of κ-Ohio complete
spaces are κ-Ohio complete. We will show that for an infinite cardinal
κ, products of more than κ-many κ-Ohio complete spaces may fail to
be κ-Ohio complete. In particular, we will show that ωκ+ is not κ-Ohio
complete for all cardinals κ less than the first weakly inaccessible car-
dinal. In the light of this result it is a natural question whether ωκ+

admits a closed embedding in some κ-Ohio complete space. We will
prove that the answer is no for κ = ω.

In Chapter 4 we collect examples and counterexamples that provide
answers to some questions from the second chapter. For instance in
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Chapter 2 we show that every topological group of point-κ type is κ-
Ohio complete. So a natural question is whether we can prove the
same result for homogeneous spaces. We provide several examples of
homogeneous first-countable spaces that are not Ohio complete, hence
this question has a negative answer for the countable case. We then
construct a non κ-Ohio complete space that is the union of a locally
countable family of closed and κ-Ohio complete subspaces. Then we
prove that for κ strictly less than d the countable union of open and
Ohio complete subspaces need not be κ-Ohio complete. Finally, if κ is
regular, we present an example demonstrating that the union of κ-many
open and κ-Ohio complete subspaces need not be κ-Ohio complete.
We also construct examples of homogeneous spaces that are of point-
countable but not of countable type. These examples are related to the
theorem of Pasynkov [39] that, in topological groups, being of point-
countable type is equivalent to being of countable type. Thus, our
examples show that the result from [39] cannot be improved.

The last chapter is about the Čech-number of Σ-products. The
inspiration for this came from a result about ω1-Ohio completeness.
From our results it follows that Č(Σ2ω1) is strictly larger than ω1. So
natural questions are: what can we say about this number? Is it a well-
known cardinal number? We could not find a complete answer, but
we characterize Č(Σ2ω1) in terms of dominating families in a suitably
chosen poset. We also show that it may be strictly larger and strictly
smaller than d.





Chapter 1

Preliminaries

1.1 Notation

In this chapter we will collect for easy reference and for completeness
sake some facts that are important throughout this thesis. For the more
experienced reader there is no need to read this chapter in full detail.

We denote by N the set of natural numbers, by Q the set of rationals
and by R the set of reals. Moreover, P denotes the set of irrationals
and the symbol I denotes the unit interval [0,1].

By ‘space’ we always mean Tychonoff topological space. By ‘map-
ping’ we mean continuous function. Unless stated otherwise, product
spaces carry the usual Tychonoff product topology.

We use standard conventions with respect to ordinal and cardinal
numbers. An ordinal number is the set of all its predecessors and a
cardinal number is an initial ordinal. We will usually denote ordinal
numbers with the symbols α,β, γ, etc., and cardinals with κ,λ, τ , etc.
The cardinal number assigned to the set of natural numbers N is de-
noted by ω, while the cardinal number assigned to the set of reals R is
denoted by c or by 2ω, and it is called the continuum.

Given a cardinal κ, we denote by the symbol κ+ the smallest cardinal
strictly greater than κ, that is, the successor cardinal of κ. The symbol
ωn+1 denotes the cardinal ω+n, for every n ∈ ω. The cardinal ω0 is just ω.
The Continuum Hypothesis, abbreviated by CH, is the statement ‘ω1 =
2ω’, while the Generalized Continuum Hyphotesis, abbreviated by GCH,
is the statement ‘κ+ = 2κ, for every infinite cardinal κ’.

1



2 Chapter 1: Preliminaries

Throughout this thesis we will use ordinals as spaces, with either
the order topology or the discrete topology. To avoid confusion, we will
use the notation ⟨α⟩, when dealing with the order topology; otherwise
we will simple write α.

The cofinality of a cardinal number κ, denoted by cf(κ), is the least
cardinal λ such that there exists a sequence {γα ∶ α < λ} of ordinals
below κ such that κ = supα<λγα. It is always true that cf(κ) ≤ κ. When
cf(κ) = κ, we say that κ is a regular cardinal number . If this is not
the case, then we say that κ is singular . A cardinal κ is called a limit
cardinal , if κ is not of the form λ+ for any λ. An uncountable cardinal
is called weakly inaccessible if it is a regular limit cardinal.

The density of a space X, denoted by d(X), is the smallest car-
dinality of a dense subset of X. A space X is separable if d(X) = ω.
The character of the point x in the space X, denoted by χ(x,X), is
defined as the smallest cardinality of a base of open neighbourhoods
at the point x ∈ X. The character of a space X, denoted by χ(X), is
defined as the supremum of all numbers χ(x,X), for x ∈ X. If A ⊆ X,
the character of the subset A in X, denoted by χ(A,X), is the smallest
cardinality of a base for X at A. A space X is called first-countable if
its character is countable. The weight of a space X, denoted by w(X),
is the smallest cardinality of a basis for X. We say that a space X is
second-countable if its weight is countable.

Let κ be an infinite cardinal number. A subset of a space X is called
a Gκ-subset if it is an intersection of κ-many open subsets of X, while
it is called an Fκ-subset if it is a union of κ-many closed subsets of X.
It is almost immediate to verify that the union (intersection) of two
Gκ-subsets (Fκ-subsets) of a space X is again a Gκ-subset (Fκ-subset),
and that the intersection (union) of κ-many Gκ-subsets (Fκ-subsets) is
again a Gκ-subset (Fκ-subset). As usual we use Gδ and Fσ instead of
Gω and Fω.

A subset of a space X is called a G<κ-subset if it is a Gλ-subset for
some λ < κ. On the space X we can consider the (stronger) topology
generated by the collection of all of its G<κ-subsets (Gκ-subsets). This
topology is called the G<κ-modification (Gκ-modification) of X and it
is denoted by the symbol X<κ (Xκ).
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A space is called a P -space if all of its Gδ-subsets are open. Notice
that the Gδ-modification of a space is always a P -space.

A subset Y of a space X is called Gκ-dense (in X), if every Gκ-
subset of X intersects Y , i.e., if Y is dense in Xκ.

Given a space X let us denote with the symbol Δ(X) the diagonal
of the product space X ×X, that is Δ(X) is the set {(x,x) ∶ x ∈ X}.
If Δ(X) is a Gκ-subset in X ×X, then we say that the space X has a
Gκ-diagonal . Again we use Gδ instead of Gω.

1.2 Preliminary results

The theorem we present below is a fundamental one, for historical rea-
sons it is called Urysohn’s Lemma.

1.2.1. Urysohn’s Lemma. For every pair F,G of disjoint closed sub-
sets of a normal space X, there exists a continuous function f ∶X → I

such that f(x) = 0 for x ∈ F , and f(x) = 1 for x ∈ G. ∎

A useful corollary is the following.

1.2.2. Corollary. A subset G of a normal space X is a closed Gδ-
subset if and only if there exists a continuous function f ∶X → I such
that G = f−1(0). ∎

Two subsets F and G of a space X are called completely separated
if there exists a continuous function f ∶X → I such that f(x) = 0 for
x ∈ F and f(x) = 1 for x ∈ G. Urysohn’s Lemma states that in a normal
space any two disjoint closed subsets are completely separated.

A subset G of a space X is called a zero-set if G = f−1(0) for
some continuous function f ∶X → I. Obviously, every zero-set of X

is closed in X. The complement of a zero-set is called a cozero-set .
Corollary 1.2.2 implies that in a normal space zero-sets coincide with
closed Gδ-subsets.

A subspace Y of a space X is said to be C∗-embedded in X if every
continuous function f ∶Y → I has a continuous extension F ∶X → I. A
fundamental theorem about extendable mappings is the Tietze-Urysohn
Theorem. The proof can be found in [19, Theorem 2.1.8].
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1.2.3. Tietze-Urysohn Theorem. Let X be a normal space and Y

a closed subspace of X. Then every continuous function f ∶Y → I has
a continuous extension F ∶X → I. ∎

From the Tietze-Urysohn Theorem it follows that a closed subspace
of a normal space X is C∗-embedded in X.

A subspace of a space X is clopen if it is both open and closed in X.
A space is zero-dimensional if it has a base for its topology consisting
of clopen subsets.

Let us denote with H (X) the set of all homeomorphisms from X

onto itself. A space X is homogeneous if, given two different points
x, y ∈ X, there is some h ∈ H (X) such that h(x) = y. We say that X

is strongly locally homogeneous if it has an open base B such that for
all B ∈ B and for all points x, y ∈ B there exists an element h ∈ H (X)
such that h(x) = y and h(z) = z for z /∈ B. A space X is called strongly
homogeneous if all non-empty clopen subsets of X are homeomorphic
(and hence are homeomorphic to X).

A space G which is a group is called a topological group if the func-
tions (x, y) ↦ xy of G × G onto G and x ↦ x−1 of G onto G are
continuous. It is easily seen and well-known that topological groups
are homogeneous. It is also well-known that every first-countable to-
pological group is metrizable, see for instance [3, Theorem 3.3.12].

Some basic and well-known properties of an open base at the iden-
tity of a topological group are stated in the following.

1.2.4. Theorem. Let G be a topological group and let U be an open
base at the identity e ∈ G. Then:

(1) for every U ∈ U , there is some V ∈ U such that V 2 ⊆ U ,

(2) for every U ∈ U , there is some V ∈ U such that V −1 ⊆ U. ∎

Recall that a subset A ⊆ G is called symmetric if A−1 = A.

1.2.5. Theorem. Every topological group has an open base at the iden-
tity consisting of symmetric neighbourhoods. ∎

Let G be a group with identity e and let X be an arbitrary set.
A group action of G on X is a continuous function from G ×X to X,
denoted by (g, x) ↦ gx, that satisfies the following two conditions:
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(1) ex = x, for every x ∈ X.

(2) (g1g2)x = g1(g2x), for every g1, g2 ∈ G,x ∈ X.

The action of G on X is called transitive if for any x, y ∈ X there
exists a g ∈ G such that gx = y.

1.3 Compactifications

A continuous function f ∶Y → X is called a homeomorphic embedding if
it is a homeomorphism onto its image (considered as a subspace of X).
If for a space Y there exists a homeomorphic embedding into a space X,
we say that Y is embeddable in X. Usually we will call a homeomorphic
embedding simply an embedding.

A compactification of a space X is a pair (f,Z), where Z is a com-

pact space and f ∶X → Z is an embedding such that f(X) = Z. It
is a well-known fact that a space has a compactification if and only
if it is a Tychonoff space ([19, Theorem 3.5.1]). We shall identify the
space X with the subspace f(X) of any compactification Z of X. So
every Tychonoff space is a subspace of its compactifications.

We will denote compactifications of a space X by the sym-
bols γX, δX, etc. We shall say that compactifications γX and δX of
a space X are equivalent if there exists a homeomorphism f ∶γX → δX

such that f(x) = x, for every x ∈ X. So roughly speaking, two
compactifications of X are equivalent if they are homeomorphic and if
the space X is embedded in both of them in the same way. It is easy to
verify that the equivalence of compactifications is an equivalence rela-
tion. For this reason we will often identify equivalent compactifications.

For a space X, we let C (X) denote the collection of all of its
compactifications. We will now define an order relation in the fa-
mily C (X). We say that γX ≤ δX if there exists a continuous function
f ∶ δX → γX such that f(x) = x, for every x ∈ X. It is easily seen that
if γX ≤ δX and δX ≤ �X, then γX ≤ �X. This fact, together with the
following theorem, shows that ≤ is a partial order in the set C (X)/E,
where E is the equivalence relation we have defined above.
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1.3.1. Theorem. Two compactifications γX and δX of a space X are
equivalent if and only if γX ≤ δX and δX ≤ γX. ∎

Let γX be a compactification of a space X. The set γX ∖ X is
called the remainder of the compactification γX. The crucial property
of remainders is stated in Theorem 1.3.2 below.

1.3.2. Theorem. If γX and δX are compactifications of a space X

and f ∶γX → δX is a continuous function satisfying the condition
f(x) = x, for every x ∈ X, then

f(γX ∖X) = δX ∖X. ∎

It turns out that some classes of spaces can be characterized by
properties of remainders of compactifications. We will give such a cha-
racterization for spaces of countable type and Čech-complete spaces in
the next section.

Up to equivalence, there is a largest element in C (X) which is called
the Čech-Stone compactification of X and is denoted by βX.

A space is locally compact if each of its points has a compact
neighbourhood. The following theorem is known as the Alexandroff
compactification Theorem.

1.3.3. Alexandroff compactification Theorem. Every non-
compact locally compact space X has a compactification ωX with a
one-point remainder. This compactification is the smallest element in
C (X) with respect to the order ≤. ∎

The compactification ωX of a locally compact non-compact space X

is called the Alexandroff compactification of X or the one-point
compactification of X. We also say that it is obtained by adjoining
to the space X a ‘point at infinity’, which we usually denote by ∞.

We will now present some results about extendability of map-
pings from a space X over its compactifications. The Čech-Stone
compactification plays a central role here.

1.3.4. Theorem. Every continuous function f ∶X → Z from a space X

into a compact space Z has a continuous extension F ∶βX → Z.
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Let γX be a compactification of a space X. If every continuous func-
tion of X into a compact space Z has a continuous extension over γX,
then γX is equivalent to βX. ∎

1.3.5. Corollary. If Y is a C∗-embedded subspace of a space X, then

Y
βX

is a compactification of Y equivalent to βY . ∎

The theorem below is a characterization of perfect mappings in
terms of extensions. Again, the Čech-Stone compactification plays a
centrale role. Recall that a continuous function is perfect if it is closed
and all its fibers are compact.

1.3.6. Theorem. Let f ∶X → Y be a mapping from a space X to a
space Y . Then the following conditions are equivalent:

(1) The mapping f is perfect.

(2) For every compactification γY of Y , the extension Fγ ∶βX → γY

of the mapping f satisfies the condition Fγ(βX ∖X) ⊆ γY ∖ Y .

(3) The extension Fβ ∶βX → βY of the mapping f satisfies the con-
dition Fβ(βX ∖X) ⊆ βY ∖ Y .

(4) There exists a compactification γY of Y such that the extension
Fγ ∶βX → γY of the mapping f satisfies the condition Fγ(βX ∖
X) ⊆ γY ∖ Y . ∎

1.4 Various types of compactifications

We say that a (regular) space X is Lindelöf if every open cover of X

has a countable subcover. It is well-known that every second-countable
space is Lindelöf and that every Lindelöf space is normal. A space X

is σ-compact if it can be represented as a countable union of compact
subspaces. It is clear that σ-compact spaces are Lindelöf.

Given a space X, the smallest cardinal number κ such that every
open cover of X has a subcover of cardinality ≤ κ is called the Lindelöf
number of X and it is denoted by the symbol l(X). So a (regular)
space X is Lindelöf if and only if l(X) ≤ ω.
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1.4.1. Proposition. Let X be a space with l(X) ≤ κ and let γX be
any compactification of X. Then every compact subset K ⊆ γX ∖ X

can be separated from X by a Gκ-subset of γX.

Proof. Fix a compact subset K ⊆ γX∖X. For every x ∈ X, there exist
open subsets Ux and Vx of γX such that x ∈ Ux, K ⊆ Vx and Ux∩Vx = ∅.
Then, since l(X) ≤ κ, there exists a subset {xα ∶ α < κ} ⊆ X such that
X ⊆ ⋃α<κ Uxα

. The Gκ-subset ⋂α<κ Vxα
of γX contains K; moreover we

have (⋃α<κ Uxα
) ∩ ⋂α<κ Vxα

= ∅. This completes the proof. ∎

We say that a space X is of (point-) countable type if every (point)
compact subspace of X is contained in a compact subspace of X that
has a countable base of open neighbourhoods in X. Note that every
first-countable space is of point-countable type.

Analogously, a space X is of point-κ type if every point of X is
contained in a compact subspace of X such that χ(K,X) = κ. Note
that every space having character κ is of point-κ type.

A classical theorem about remainders of compactifications, due to
Henriksen and Isbell (see [25]), states that a space X is of countable
type if and only if for every compactification γX of X the remainder
γX ∖ X is Lindelöf. The following result, which is due to the same
authors, shows that in that statement, we may replace the words ‘for
every’ by ‘for some’.

1.4.2. Theorem. Let X be a space. The following conditions are equi-
valent:

(1) X has a compactification γX such that γX ∖X is Lindelöf.

(2) βX ∖X is Lindelöf.

(3) For every compactification γX of X the remainder γX ∖ X is
Lindelöf. ∎

1.4.3. Henriksen-Isbell Theorem. A space X is of countable type
if and only if for every compactification γX of X the remainder γX∖X

is Lindelöf. ∎
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A space X is Čech-complete if it is a Gδ-subset in some (all of its)
compactification.

Note that every compact space is Čech-complete. Locally compact
spaces are also Čech-complete, because a non-compact locally com-
pact space has a compactification with one-point remainder by the
Alexandroff compactification Theorem 1.3.3.

A space X is called a Baire space, if whenever {An ∶ n ∈ ω} is a
sequence of dense and open subsets of X, the intersection A = ⋂n∈ω An

is again a dense subset. It is well-known that every Čech-complete
space is a Baire space ([19, Theorem 3.9.3]).

The Čech-number of a space X, denoted by Č(X), is the smallest
cardinality of a collection U of open subsets of βX such that X = ⋂U .
Obviously, Č(X) = 1 if and only if X is locally compact and Č(X) ≤ ω

is and only if X is Čech complete. The compact covering number of a
space X, denoted by kcov(X), is the smallest cardinality of a collection
K of compact subsets of X such that X = ⋃K . The compact covering
number of the irrationals is the well-known cardinal number d ([14,
Theorem 8.2]). Recall that d is the smallest cardinality of a dominating
subset of ωω, where a subset D ⊆ ωω is called dominating if for every
f ∈ ωω there exists some d ∈ D such that f ≤ d (see also Chapter 5). It is
well-known and not difficult to verify that we always have ω1 ≤ d ≤ 2ω.

Observe that whenever γX is any compactification of X, then
Č(X) = kcov(γX ∖X). We include the simple proof.

1.4.4. Proposition. Let γX be a compactification of X. Then
Č(X) = kcov(γX ∖X).

Proof. It is clear that Č(X) = kcov(βX ∖X).
Let Iγ ∶βX → γX be the continuous extension of the inclusion

mapping i∶X → X, which exists by Theorem 1.3.4. Then by Theo-
rem 1.3.2, we have that Iγ(βX ∖X) = γX ∖X, and by Theorem 1.3.6
the mapping Iγ↾ (βX ∖X) is perfect. This implies that kcov(βX∖X) =
kcov(γX ∖X), which completes the proof. ∎

1.4.5. Corollary. Č(Q) = d. ∎

1.4.6. Proposition. If Y is a closed subspace of X, then Č(Y ) ≤
Č(X) and kcov(Y ) ≤ kcov(X).
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Proof. For the first inequality, let γY = Y
βX

, and let U be a family
of open subsets of βX such that ∣U ∣ = Č(X) and X = ⋂U . Then
V = {U ∩ γY ∶ U ∈ U } is a family of open subsets of γY such that
Y = ⋂V , and ∣V ∣ ≤ Č(X).

The second inequality is immediate. ∎

1.4.7. Proposition. If Y is a perfect image of X, then Č(X) = Č(Y ).

Proof. It suffices to apply Proposition 1.4.4 and Theorem 1.3.6. ∎

Since the following result from [38] is important to us, we will
present its proof.

1.4.8. Proposition. If ω ≤ κ < ωω, then kcov(κω) = κ ⋅ d.

Proof. We will prove the statement for κ = ωn by induction on n.
If κ = ω = ω0, the statement is true by Corollary 1.4.5. Assume now
that the equality is true for κ = ωn. Since cf(ωn+1) > ω, we have
that ωω

n+1 = ⋃{αω ∶ α < ωn+1}. Hence, since ∣α∣ ≤ ωn for every α <
ωn+1, we have represented ωω

n+1 as the union of ωn+1-many subspaces
whose compact covering number do not exceed ωn ⋅d. This implies that
kcov(ωω

n+1) ≤ ωn+1 ⋅ d.
For the reverse inequality, observe that both ωn+1 and ωω are

closed subspaces of ωω
n+1, so we have kcov(ωn+1) ⋅ kcov(ωω) = ωn+1 ⋅ d ≤

kcov(ωω
n+1). ∎

A space X is countably compact if every countable open cover of X

has a finite subcover. A space X is pseudocompact if every continuous
real-valued function defined on X is bounded.

A space X is realcompact if there is no space Z that satisfies the
following conditions:

(1) There exists an embedding h∶X → Z such that h(X) ≠ h(X) = Z.

(2) For every continuous real-valued function f ∶X → R there exists a
continuous function F ∶Z → R such that F ○ h = f .

It follows from the definition that every compact space is realcom-
pact. We will now state two important characterizations of realcompact
spaces.
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1.4.9. Theorem. A space X is realcompact if and only if it is homeo-
morphic to a closed subspace of a power of the real line. ∎

1.4.10. Theorem. A space X is realcompact if and only if for every
point p ∈ βX∖X there exists a continuous function h∶βX → I such that
h(p) = 0 and h(x) > 0 for every x ∈ X. ∎

A cover V of a space X is a refinement of a cover U of X if, for
every V ∈ V , there exists some U ∈ U such that V ⊆ U .

A space X is (countably) paracompact if every (countable) open
cover of X has a locally finite open refinement. It is clear that every
compact space is paracompact and it is well-known that Lindelöf spaces
and metrizable spaces are paracompact.

Given a space X, a point x ∈ X and a family U of subsets of X, we
put St(x,U ) = ⋃{U ∈ U ∶ x ∈ U} and we call it the star of the point x

with respect to U .
We say that a space X is a pκ-space if in all (some) of its

compactification γX there exists a family ξ = {Uα ∶ α < κ} of fami-
lies Uα of open subsets of γX such that x ∈ ⋂{St(x,Uα) ∶ α < κ} ⊆ X,
for each x ∈ X. If κ = ω, we simply say p-spaces instead of pω-spaces.

Of course, every Čech-complete space is a p-space. It was shown by
Arhangel

′
skĭı in [1] that every p-space is of countable type, and that

every metrizable space is a p-space.

1.5 The Homogeneity Lemma for first-countable spaces

The Homogeneity Lemma in van Mill [32] states that a separable
metrizable zero-dimensional space is homogeneous if and only if all
points x, y ∈ X have arbitrarily small homeomorphic clopen neighbour-
hoods. An inspection of the proof shows that it works for the broader
class of all first-countable spaces. In this section we will give the details
of this proof. We will use this lemma in Example 4.5.2.

1.5.1. Homogeneity Lemma for first-countable spaces. Let
X be a zero-dimensional first-countable space and x, y ∈ X. If for all
neighbourhoods U and V of x and y respectively, there exist homeomor-
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phic clopen neighbourhoods U
′

⊆ U and V
′

⊆ V of x and y, then there
is an h ∈ H (X) with h(x) = y.

Proof. For each n ≥ 0 we will construct neighbourhood bases {Un ∶
n ∈ ω} and {Vn ∶ n ∈ ω} at the points x and y respectively and, for each
n ≥ 1, an element hn ∈ H (X) such that:

(1) Un ⊆ Un−1 and Vn ⊆ Vn−1,

(2) Vn ∪(hn−1 ○⋯○h1(Un)) ⊆ Vn−1 and h−1
1
○⋯○h−1n−1(Vn)∪Un ⊆ Un−1,

(3) hn ○ ⋯ ○ h1(Un) = Vn,

(4) hn(z) = z, if z /∈ Vn−1.

Let {Wn ∶ n ∈ ω} and {Tn ∶ n ∈ ω} be neighbourhoods bases at the
points x and y respectively, such that Wn ⊆ Wn−1 and Tn ⊆ Tn−1, for
every n ∈ ω. Put U0 = W0 and V0 = T0 and suppose that for some n ≥ 0,
Ui and Vi have been constructed for all 0 ≤ i ≤ n − 1 and hi for all
1 ≤ i ≤ n − 1. If

hn−1 ○ ⋯ ○ h1(x) = y

then let U be any clopen neighbourhood of x contained in Un−1 ∩ Wn

such that V = hn−1 ○ ⋯ ○ h1(U) is contained in Vn−1 ∩ Tn. Put

Un = U , Vn = V , hn = 1X .

Then our choices are obviously as required. Moreover we have Un ⊆ Wn

and Vn ⊆ Tn. Supppose therefore that

hn−1 ○ ⋯ ○ h1(x) ≠ y.

Let U ⊆ Un−1 ∩Wn be a clopen neighbourhood of x and V ⊆ Vn−1 ∩Tn a
clopen neighbourhood of y such that

(5) U is homeomorphic to V ,

(6) hn−1 ○ ⋯ ○ h1(U) ⊆ Vn−1,

(7) hn−1 ○ ⋯ ○ h1(U) ∩ V = ∅.
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Let f ∶hn−1 ○ ⋯ ○ h1(U) → V be a homeomorphism. Define Un = U ,
Vn = V and hn∶X → X by

hn(z) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

z, if z /∈ Vn ∪ hn−1 ○ ⋯ ○ h1(Un),

f(z), if z ∈ hn−1 ○ ⋯ ○ h1(Un),

f−1(z), if z ∈ Vn.

Again, we have Un ⊆ Wn and Vn ⊆ Tn. It is easy to verify that Un, Vn

and hn satisfy our inductive requirements.
If p ≠ x, since {Un ∶ n ∈ ω} is a base of neighbourhoods at x, there

exists a Un such that p /∈ Un, then

hn ○ ⋯ ○ h1(p) /∈ hn ○ ⋯ ○ h1(Un) = Vn.

By (4) this implies that

(8) hk ○ ⋯ ○ h1(p) = hn ○ ⋯ ○ h1(p)

for all k ≥ n. Consequently, if we define h∶X → X by

h = lim
n→∞

hn ○ ⋯ ○ h1,

then h is well defined. Observe that by (2) and (3), h(x) = y. We claim
that h is a homeomorphism.

If p ≠ x there exists a Un such that p /∈ Un. Then, as remarked above,

hn−1 ○ ⋯ ○ h1(p) /∈ Vn

which implies by (8) that h(p) /∈ Vn. Since h(x) = y, this implies that
h(p) ≠ h(x). Now let p ≠ q and p, q ≠ x. Since, for every n ∈ ω, the
continuous function hn ○ . . . ○ h1 is a homeomorphism it follows that
hn ○ . . . ○ h1(p) ≠ hn ○ . . . ○ h1(q). Then h(p) ≠ h(q), therefore h is
one-to-one. Next, suppose that p /∈ Y . Since {Vn ∶ n ∈ ω} is a base of
neighbourhoods at y, there exists a Vn such that p /∈ Vn. Let

q = h−1
1
○ ⋯ ○ h−1n (p),

then h(q) = p by (2). This shows that h is surjective.
It is clear that h is continuous at all points different from x. We

therefore only check continuity of h at x. To this end, let V be any
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neighbourhood of y = h(x). Then, there exists some Vn ⊆ V . Then
h(Un) = Vn ⊆ V , and therefore it follows that h is continuous at x.

It is clear that h is open at all points different from x. So we only
check openess of h at x. This will give us that h is a homeomorphism.
To this end, let U be any neighbourhood of x. Then, there is some
Un ⊆ U . Then clearly y = h(x) ∈ Vn = h(Un) ⊆ h(U). We therefore
conclude that h(U) is a neighbourhood of y, which implies that h(U)
is open. ∎



Chapter 2

κ-Ohio completeness: subspaces and sum

theorems

2.1 Introduction

Recall that, for a fixed infinite cardinal κ, a space X is κ-Ohio complete
if for every compactification γX of X there is a Gκ-subset S of γX such
that X ⊆ S and for every y ∈ S ∖X, there is a Gκ-subset of γX that
contains y and misses X. If κ = ω, then we simply say that the space
is Ohio complete.

It is immediate that if a space X is κ-Ohio complete and κ ≤ λ,
then X is λ-Ohio complete. Furthermore, let us point out that every
space is κ-Ohio complete, for some large enough cardinal κ. Indeed,
given a space X, let κ = Č(X). Then X is a Gκ-subset in all of its
compactifications and therefore X is κ-Ohio complete. On the other
hand, for every infinite cardinal number κ, there exists a space X which
is not κ-Ohio complete. We will construct such a space in the following
example.

2.1.1. Example. The example is the subspace X of the product Z =
ωκ+×ωκ+ where X = (κ+×κ+)∪{(∞,∞)}. Note that both κ+×κ+ and

{(∞,∞)} are Ohio complete.
If G is a Gκ-subset of Z that contains the point (∞,∞), then G ∩

(Z ∖X) is non-empty, so X is not a Gκ-subset of Z. Similarly, Z ∖X

contains no non-empty Gκ-subset of Z; this clearly implies that X is
not κ-Ohio complete. ∎

15



16 Chapter 2: κ-Ohio completeness: subspaces and sum theorems

On the other hand there are many classes of space that are κ-Ohio
complete. We will present such classes of spaces in the next section.
After that we will study the behaviour of κ-Ohio completeness with
respect to subspaces; in particular we will prove that closed and C∗-
embedded subspaces of κ-Ohio complete spaces are again κ-Ohio com-
plete. If κ is an uncountable cardinal, we shall moreover prove a cha-
racterization of closed subspaces of κ-Ohio complete spaces. However
we do not know if κ-Ohio completeness is closed-hereditary. In the last
part of the chapter we will focus our attention on sum theorems; we
shall prove that κ-Ohio completeness is preserved under taking both
locally finite closed sums and point-finite open sums. We will finally
prove that, under the assumption d = ω1, the countable union of ω1-
Ohio complete spaces is again ω1-Ohio complete.

2.2 Classes of spaces which are κ-Ohio complete

In this section we give examples of well-known classes of spaces which
are κ-Ohio complete. We start with the following:

2.2.1. Proposition. Let κ = min{l(X), Č(X), kcov(X)}, where X is
a space. Then X is κ-Ohio complete.

Proof. If either κ = Č(X) or κ = kcov(X), then the proposition is
trivially true. If κ = l(X), it suffices to apply Proposition 1.4.1. ∎

Arhangel
′
skĭı proved in [2] that spaces with a Gδ-diagonal are

Ohio complete. We generalize his result to the class of spaces with
a Gκ-diagonal. The following characterization of spaces with a Gκ-
diagonal was basically established by Ceder in [10]. For completeness
sake we include the proof.

2.2.2. Proposition. Let κ be an infinite cardinal number. A space X

has a Gκ-diagonal if and only if there is a family ξ = {Uα ∶ α < κ} of
open covers of X such that for every x ∈ X, ⋂α<κ St(x,Uα) = {x}.

Proof. Suppose that Δ(X) = ⋂α<κ Gα, where each Gα is open in
X ×X. For each α < κ, put Uα = {U ∶ U is open in X and U ×U ⊆ Gα}.
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Then, if x ≠ y, there exists some β < κ such that (x, y) /∈ Gβ, and hence
y /∈ St(x,Uβ).

Conversely, suppose that there is such a family ξ = {Uα ∶ α < κ} of
open covers of X. For every α < κ, put Gα = ⋃{U × U ∶ U ∈ Uα}. An
easy verification shows that Δ(X) = ⋂α<κ Gα, and this completes the
proof. ∎

For an infinite cardinal κ, a family ξ = {Uα ∶ α < κ} of open covers
of X is said to be κ-compactly rooted if for every x ∈ X and for any
choice of Uα ∈ Uα such that x ∈ Uα, the set ⋂{Uα ∶ α < κ} is compact.
A space X is called κ-compactly rooted if it has a κ-compactly rooted
family. The following statement follows immediately from Proposi-
tion 2.2.2.

2.2.3. Proposition. Every space with a Gκ-diagonal is κ-compactly
rooted. ∎

2.2.4. Theorem. If X is a κ-compactly rooted space, then X is κ-Ohio
complete.

Proof. Let ξ = {Uα ∶ α < κ} be a κ-compactly rooted family in X.
Take any compactification γX of X. For every open subset U of X,
we may fix an open subset Ũ of γX such that Ũ ∩X = U . Put Ũα =
{Ũ ∶ U ∈ Uα} and Gα = ⋃ Ũα. Then Gα is an open subset of γX and
X ⊆ Gα. Hence, S = ⋂{Gα ∶ α < κ} is a Gκ-subset of γX such that
X ⊆ S.

We will show that every y ∈ S ∖X can be separated from X by a
Gκ-subset of γX. Fix y ∈ S ∖X and, for each α < κ, pick some Uα ∈ Uα

such that y ∈ Ũα. This is possible since y ∈ Gα. Put F = ⋂{Uα ∶ α < κ}
(closure in X), and T = ⋂{Ũα ∶ α < κ}. Clearly, T is a Gκ-subset of
γX, y ∈ T , and T ∩X ⊆ F ⊆ X. The subset F is compact, since ξ is
compactly rooted. Hence F is closed in γX. We also have y /∈ F , since
F ⊆ X and y /∈ X. Therefore, T1 = T ∖F is a Gκ-subset of γX such that
y ∈ T1 and T1 ∩X = ∅. It follows that X is κ-Ohio complete. ∎

Proposition 2.2.3 and Theorem 2.2.4 imply:

2.2.5. Corollary. Every space with a Gκ-diagonal is κ-Ohio com-
plete. ∎
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2.2.6. Corollary. Every metrizable space is Ohio and hence κ-Ohio
complete, for every infinite cardinal κ.

Proof. This follows from Corollary 2.2.5 and the well-known fact that
a metrizable space has a Gδ-diagonal. ∎

As the following results show, another class of κ-Ohio complete
spaces is the class of pκ-spaces.

2.2.7. Theorem. Every pκ-space is κ-compactly rooted.

Proof. Let γX be some compactification of X. Unless stated other-
wise, closures are taken in γX. Since X is a pκ-space, there exists a
family {Uα ∶ α < κ} of families Uα of open subsets of γX such that
X ⊆ ⋃Uα for every α < κ, and ⋂{St(x,Uα) ∶ α < κ} ⊆ X, for each
x ∈ X.

Since γX is regular, for every α < κ we can construct an open cover
μα of the space X such that the closure of every V ∈ μα is contained in
some U ∈ Uα.

Now take any x ∈ X, and suppose that Vα ∈ μα are selected for each
α < κ, so that x ∈ ⋂{Vα ∶ α < κ}. We will show that the closure in X

of the set ⋂{Vα ∶ α < κ} is compact. By the choice of μα, there exists
Uα ∈ Uα such that V α ⊆ Uα, for every α < κ. Put F = ⋂{V α ∶ α < κ}.
Then F is compact, and F ⊆ ⋂{Uα ∶ α < κ}. Since x ∈ Uα ∈ Uα, we
have x ∈ ⋂{Uα ∶ α < κ} ⊆ X. Therefore, F is a compact subset of X.
Since ⋂{Vα ∶ α < κ} ⊆ F , it follows that the closure in X of the set

⋂{Vα ∶ α < κ} is compact. Hence, X is κ-compactly rooted. ∎

2.2.8. Corollary. Every pκ-space is κ-Ohio complete. ∎

2.2.9. Corollary. Every topological group of point-countable type is
Ohio complete.

Proof. A topological group of point-countable type is a p-space ([39,
Theorem 1]). So, by Corollary 2.2.8, it is Ohio complete. ∎

2.2.10. Corollary. Every first countable topological group is Ohio
complete. ∎
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A natural question is whether a topological group of point-κ type
is κ-Ohio complete. The following result shows that the answer is yes.

2.2.11. Theorem. Let G be a topological group of point-κ type. Then
G is κ-compactly rooted.

Proof. Let K be a compact subset of G containing the neutral ele-
ment e of G and such that χ(K,G) = κ. Let {Uα ∶ α < κ} be an open
basis at K in G. Theorem 1.2.4 and Theorem 1.2.5 imply that, for
every α < κ, there exists an open symmetric neighbourhood Vα of e

such that V 2
α ⊆ Uα.

The family Vα = {gVα ∶ g ∈ G} is an open cover of G. We claim
that the family ξ = {Vα ∶ α < κ} is κ-compactly rooted. Indeed, fix an
element h ∈ G and for every α < κ take any gαVα ∈ Vα such that h ∈ gαVα.
This implies that in particular gα ∈ hV −1α . So we have gαVα ⊆ hV −1α Vα =
= hV 2

α ⊆ hUα, thus we have that⋂{gαVα ∶ α < κ} ⊆ ⋂{hUα ∶ α < κ} = hK.
Since K is compact, the set hK is compact as well; it then follows that
the family ξ is κ-compactly rooted and thus the space G is κ-compactly
rooted. ∎

The preceding theorem and Theorem 2.2.4 imply that:

2.2.12. Corollary. Let G be a topological group of point-κ type.
Then G is κ-Ohio complete. ∎

In light of this result the following question is natural.

2.2.13. Question. Is a homogeneous space of point-κ type a κ-Ohio
complete space?

Right after Theorem 4.2.1 we will construct homogeneous first coun-
table spaces that are not Ohio complete, so the last question has a
negative answer for κ = ω. We do not know the answer for uncoun-
table κ. We will however construct examples of non κ-Ohio complete
spaces of character κ. The fact that, in particular, non-Ohio complete
first-countable spaces exist yields the following:

2.2.14. Corollary. Ohio completeness is not preserved by open map-
pings.
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Proof. Consider any first-countable non-Ohio complete space. Every
first-countable space is the image of a metrizable space under an open
mapping. This was proved by Ponomarev, see for instance [19, Pro-
blem 4.2.D]. Since every metrizable space is Ohio complete, the state-
ment follows. ∎

2.3 A characterization

In this section we will show that one may also study the κ-Ohio com-
pleteness property in a much wider setting. This leads to several cha-
racterizations of κ-Ohio completeness. We also prove that the κ-Ohio
completeness property is transitive.

If κ is an infinite cardinal, we say that a subspace X of a space Z is
κ-Ohio embedded in Z, if there is a Gκ-subset S of Z such that X ⊆ S

and for every y ∈ S ∖ X, there is a Gκ-subset of Z which contains y

and misses X. Such a Gκ-subset S is called a κ-good Gκ-subset with
respect to X. So a space X is κ-Ohio complete if and only if X is
κ-Ohio embedded in γX, for every compactification γX of X.

We call a compactification γX of X a κ-good compactification (for
X) if X is κ-Ohio embedded in γX. We denote by κO(X) the collec-
tion of all κ-good compactifications of X. If κ = ω, we will omit the
symbol ω, so that Ohio embedded simply means ω-Ohio embedded and
similarly, good Gδ-subset means ω-good Gδ-subset.

For a space Z we shall study the collection of all κ-Ohio embedded
subspaces of Z. Of course this collection contains all κ-Ohio complete
subspaces of Z. The following propositions provides some examples of
κ-Ohio embedded subspaces; κ is always a fixed cardinal number.

2.3.1. Proposition. If X is either a Gκ- or an Fκ-subset of Z, then
X is κ-Ohio embedded in Z. ∎

2.3.2. Proposition. If X ⊆ Y ⊆ Z and X is κ-Ohio embedded in Z,
then X is κ-Ohio embedded in Y .

Proof. Fix the κ-good Gκ-subset S of Z with respect to X. Then
T = S ∩Y is a Gκ-subset of Y . We claim that T is κ-good with respect
to X. It is clear that T contains X. Fix now a point y ∈ T ∖X, then
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y ∈ S ∖ X, hence there exists a Gκ-subset S1 of Z containing y and
missing X. The set S1 ∩ Y is a Gκ-subset of Y , which clearly contains
y and misses X. ∎

We now prove that the property of being κ-Ohio embedded is tran-
sitive.

2.3.3. Proposition. If X is κ-Ohio embedded in Y and Y is κ-Ohio
embedded in Z, then X is κ-Ohio embedded in Z.

Proof. By hypothesis, we may fix a Gκ-subset R of Y and a Gκ-subset
S of Z such that R is κ-good with respect to X and S is κ-good with
respect to Y .

We may fix a Gκ-subset R̃ of Z such that R = Y ∩ R̃. We claim
that the Gκ-subset R̃∩S of Z is κ-good with respect to X. So pick an
arbitary point p ∈ (R̃ ∩ S) ∖X. There are two cases to consider.

First assume that p ∈ Y . In this case, p ∈ R and therefore p is
separated from X by a Gκ-subset T of Y . We may fix a Gκ-subset T̃

of Z such that T = Y ∩ T̃ . But then T̃ separates the point p from X.
Secondly, suppose that p /∈ Y . Then p ∈ S ∖ Y , hence by choice of

S, the point p can be separated from Y be a Gκ-subset T of Z. Since
X ⊆ Y , the set T also separates p from X. This completes the proof. ∎

The next proposition is an easy but useful characterization of κ-
Ohio completeness.

2.3.4. Proposition. Let X be a space. The following statements are
equivalent:

(1) X is κ-Ohio complete.

(2) X is κ-Ohio embedded in Z, whenever X is a dense subspace of Z.

(3) X is κ-Ohio embedded in Z, whenever X is a subspace of Z.

Proof. The implication (3) ⇒ (1) is obvious. We first prove (1)⇒ (2).
So let X be a dense subspace of Z. The Čech-Stone compactification
βZ of Z is also a compactification of X (since X is dense in Z). But
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then X is κ-Ohio embedded in βZ by (1). Since X ⊆ Z ⊆ βZ, it follows
from Proposition 2.3.2 that X is κ-Ohio embedded in Z.

Finally we prove (2) ⇒ (3). So let X be a subspace of Z. Closures
are taken in Z. The set X is a closed subspace of Z and X is dense in
X. By (2) it follows that X is κ-Ohio embedded in X. Since X is closed
in Z, it follows from Proposition 2.3.1 that X is κ-Ohio embedded in Z.

So X is κ-Ohio embedded in X and X is κ-Ohio embedded in Z.
By Proposition 2.3.3, it follows that X is κ-Ohio embedded in Z. ∎

Proposition 2.3.4 and Proposition 2.3.3 imply:

2.3.5. Corollary. If X is κ-Ohio embedded in Y , Y ⊆ Z and Y is
κ-Ohio complete, then X is κ-Ohio embedded in Z. ∎

Another application of Proposition 2.3.4 is the next simple propo-
sition which will turn out to be useful for the examples.

2.3.6. Proposition. Let X be a κ-Ohio embedded subspace of Z. If
X is not a Gκ-subset of Z, then Z ∖X contains a non-empty Gκ-subset
of Z.

Proof. Fix a Gκ-subset S of Z which is κ-good with respect to X.
Since X is not a Gκ-subset of Z, the set S ∖ X is non-empty. Since
every point of S ∖X can be separated from X by a Gκ-subset of Z, it
follows that Z ∖X contains a non-empty Gκ-subset of Z. ∎

From the following proposition it follows that in general there are
many κ-good compactifications provided there is at least one.

2.3.7. Proposition. Suppose that X ⊆ Y ∩ Z and that f ∶Y → Z is a
continuous function such that f(X) = X and f(Y ∖X) ⊆ Z ∖X. If X

is κ-Ohio embedded in Z, then X is κ-Ohio embedded in Y .

Proof. Assume that X is κ-Ohio embedded in Z and fix a Gκ-subset
S of Z that is κ-good with respect to X. The set f−1(S) is a Gκ-subset
of Y that contains X. We will show that f−1(S) is κ-good with respect
to X. So fix a point p ∈ f−1(S) ∖X. Then f(p) ∈ S and since p /∈ X

we also have f(p) /∈ X. It follows that f(p) ∈ S ∖X, so we may find a
Gκ-subset T of Z that separates f(p) from X. But then f−1(T ) is a
Gκ-subset of Y that separates p from X. ∎
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2.3.8. Corollary. Let X be a space and suppose that γX is a κ-good
compactification for X. Then δX is a κ-good compactification for X,
provided that δX ≥ γX. So in particular, κO(X) ≠ ∅ if and only if
βX ∈ κO(X). ∎

2.4 Closed subspaces

Let us start this section with the following easy remark: the property
of κ-Ohio completeness is not hereditary. Indeed, take a non κ-Ohio
complete space, for instance the space X constructed in Example 2.1.1.
Then X is a subspace of βX, which, being compact, is (κ-)Ohio com-
plete.

So a natural question is whether closed subspaces of κ-Ohio com-
plete spaces are again κ-Ohio complete. As we pointed out in the
introduction, this is an open problem. We will prove that it is equi-
valent to the question whether Fκ-subspaces of κ-Ohio complete sub-
spaces are again κ-Ohio complete. We also investigate Gκ-subspaces;
for them we will just provide some κ-good compactifications. We do not
know whether the open subspace problem is equivalent to the question
whether Gκ-subspaces of κ-Ohio complete spaces are κ-Ohio complete.

Let us begin by proving a useful property of closed subspaces of
κ-Ohio complete spaces. We first introduce the notion of adjunction
space.

Let X and Y be disjoint spaces and let f ∶F → Y be a continuous
function defined on a closed subset F of X. Denote by E the equi-
valence relation on the topological sum X ⊕ Y corresponding to the
decomposition of X ⊕ Y into one-point sets {x}, where x ∈ X ∖ F ,
and sets of the form {y} ∪ f−1(y), where y ∈ Y . The quotient space
(X ⊕ Y )/E is called the adjunction space determined by X, Y and f

and is denoted by X ∪f Y .

2.4.1. Lemma. Let Y be a closed subset of a space X. Fix a

compactification αX of X and let γY = Y
αX

. Then, for every
compactification δY of Y such that δY ≤ γY , there exists some

compactification �X of X such that δY = Y

X

and �X ≤ αX.
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Proof. Fix a compactification δY of Y such that δY ≤ γY . Hence,
there exists a continuous map f ∶γY → δY such that f(y) = y, for
every y ∈ Y . Consider the adjunction space Z = αX ∪f δY . Clearly
Z is a compact Hausdorff space, since it is the image of the compact
space αX ⊕ δY under a closed continuous function, that is, the natural
quotient mapping π. Observe that π is closed since f is closed (see for
instance [19, page 94]).

First we shall prove that X, considered as a subspace of Z, has
the original topology, by showing that π↾X ∶X → π(X) is a homeo-
morphism. To verify that π↾X is one-to-one, pick two different points
x, y ∈ X. Observe that, since Y is closed in X, we have (γY ∖Y )∩X = ∅.
There are three different cases to consider. If x, y ∈ X ∖ Y we have
x, y ∈ αX ∖ γY and then, by construction, the equivalence classes of
x and y are {x} and {y} respectively. If x ∈ X ∖ Y and y ∈ Y , the
equivalence classes of x and y are {x} and {y} ∪ f−1(y), respectively.
Finally, if x, y ∈ Y , the equivalence classes of x and y are {x} ∪ f−1(x)
and {y} ∪ f−1(y), respectively. In all cases we have π(x) ≠ π(y). This
proves that π↾X is one-to-one.

We will now prove that π↾X is closed. As we observed before π is
closed. Let D be a closed subspace of X, then we may find a closed
subset C of αX ⊕ δY , such that D = C ∩ X. It follows that π(D) =
π(C ∩X) = π(C) ∩ X is a closed subset of X. This shows that π↾X is
a homeomorphism.

In a similar way we can prove that δY as a subspace of Z has the

original topology. It follows that Y
Z
= δY .

Since the space Z is clearly a compactification of X such that Z ≤
αX, we are done. ∎

Given a space X we say that a compactification γX of X is very
κ-good if {δX ∶ δ(X) ∈ C (X) and δX ≤ γX} ⊆ κO(X).

2.4.2. Theorem. Let Y be a closed subspace of a space X. Assume
that X has a very κ-good compactification αX. Then γY = Y (closure
in αX) is a very κ-good compactification for Y .

Proof. Fix a compactification δY of Y such that δY ≤ γY . By
Lemma 2.4.1, there exists a compactification �X of X such that
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δY = Y

X

and �X ≤ αX.
Since αX is a very κ-good compactification for X, the compacti-

fication �X is κ-good for X; thus the space X is κ-Ohio embedded in
�X. The subspace Y , being closed in X, is κ-Ohio embedded in X by
Proposition 2.3.1. Then, by Proposition 2.3.3, Y is κ-Ohio embeddded
in �X. It follows from Proposition 2.3.2 that Y is κ-Ohio embedded in

Y

X

= δY . Hence δY ∈ κO(Y ) and this completes the proof. ∎

So Theorem 2.4.2 implies in particular that a closed subspace of a
κ-Ohio complete space has a very κ-good compactification.

The following theorem shows that if κ is an uncountable cardinal
number, the converse is also true. We do not know if it holds also for
the countable case.

2.4.3. Theorem. Let κ be an uncountable cardinal number. The fol-
lowing statements are equivalent:

(1) Y is a closed subspace of a κ-Ohio complete space X.

(2) There exists a very κ-good compactification γY of Y .

Proof. (1) ⇒ (2) follows from Theorem 2.4.2.
(2) ⇒ (1). Fix a very κ-good compactification γY of Y . Let Z be

the space ⟨ω1+1⟩ × γY , and let X be the subspace of Z given by

(ω1 × γY ) ∪ {ω1} × Y.

Then Y is clearly a closed subspace of X, so to prove the theorem it
suffices to show that X is κ-Ohio complete.

First observe that βX = Z. Indeed, note that β(⟨ω1⟩ × γY ) =
⟨ω1+1⟩ × γY = Z. This can be found in [19, Problem 3.12.20(c)]. Since
⟨ω1⟩ × γY ⊆ X ⊆ Z, it follows that βX = Z by [19, Corollary 3.6.9].

To show that X is κ-Ohio complete, fix a compactification αX of
X. Then αX ≤ βX = Z. So we may fix a mapping f ∶Z → αX such
that f ↾ X is the identity on X. We let g be the restriction of f to the
set {ω1} × γY . Note that since the remainder βX ∖X is contained in
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the domain of g, it follows that the remainder αX ∖X is contained in
the range of g. So the range of g is given by

W = ({ω1} × Y ) ∪ (αX ∖X).

Clearly, the mapping g witnesses the fact that W ≤ γY . By assumption
it follows that W is a κ-good compactification for {ω1}×Y , so we may
fix a Gκ-subset S of αX such that every point in (W ∩S)∖ ({ω1}×Y )
can be separated from {ω1} × Y by a Gκ-subset of W .

Now let S′ = (⟨ω1⟩ × γY ) ∪ S. Since ⟨ω1⟩ × γY is locally compact,
it is an open subset of αX and therefore S′ is a Gκ-subset of αX. We
claim that S′ is Gκ-good subset for X.

So pick an arbitrary point p ∈ S′ ∖ X. Then p ∈ S ∖ ({ω1} × Y ).
By the choice of S, there is a Gκ-subset T of W such that p ∈ T and
T ∩ ({ω1} × Y ) = ∅. Now note that ⟨ω1⟩ × γY is the union of ω1-many

compact subspaces and therefore αX ∖(⟨ω1⟩×γY ) = W is a Gω1
-subset

and hence a Gκ-subset of αX. But then T is also a Gκ-subset of αX.
Since T is disjoint from X, this set separates the point p from X. This
completes the proof. ∎

2.4.4. Question. Does the equivalence of Theorem 2.4.3 also hold for
κ = ω?

Another application of Theorem 2.4.2 is the following result, which
shows that κ-Ohio completeness is a hereditary property with respect
to closed and C∗-embedded subspaces.

2.4.5. Theorem. Let Y be a closed C∗-embedded subspace of a κ-Ohio
complete space X. Then Y is κ-Ohio complete.

Proof. Closures are taken in βX. It follows from Theorem 2.4.2 that
Y is a very κ-good compactification for Y . But Y = βY , by Corol-
lary 1.3.5. This proves that Y is κ-Ohio complete. ∎

2.4.6. Corollary. Let Y be a closed subspace of a κ-Ohio complete
normal space X. Then Y is κ-Ohio complete. ∎

If A ⊆ X, a continuous function f ∶X → A is called a retraction of X

onto A, if f(x) = x for all x ∈ A. In this case A is called a retract of X.
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2.4.7. Corollary.

(1) Every clopen subspace of a κ-Ohio complete space is κ-Ohio com-
plete.

(2) Every retract of a κ-Ohio complete space is κ-Ohio complete.

Proof. This follows from the fact that clopen subspaces and retracts
are closed and C∗-embedded subspaces. ∎

Since any cozero-set (zero-set) in a P -space is a clopen subset, Corol-
lary 2.4.7(1) yields the following.

2.4.8. Corollary. Any cozero-set (zero-set) in an Ohio complete P -
space is Ohio complete. ∎

The proof of Theorem 2.4.5 was based on the fact that Y is C∗-
embedded in X. Of course any non-normal space X contains a closed
subspace Y which is not C∗-embedded. For Y one can simply take the
union of two disjoint closed subsets of X that cannot be separated by
disjoint open subsets in X. If X is for instance S × S, where S is the
Sorgenfrey line, then one can take Y to be discrete and hence κ-Ohio
complete. Recall that S is the space whose underlying set is the real
line and a base for its topology is given by all sets of the form [x, y)
where x < y and x, y ∈ R.

So these considerations lead us to the question whether Theo-
rem 2.4.5 is optimal, i.e., whether a closed subspace of a κ-Ohio com-
plete space is again κ-Ohio complete. This looks like a question with a
simple answer, but we were unable to answer it. We believe that it is
tricky and interesting, because of its implications for the behaviour of κ-
Ohio completeness with respect to products. Indeed, in Theorem 3.2.2
we will prove that if κ-Ohio completeness is not closed-hereditary, then
even the product of a κ-Ohio complete space with a compact space may
fail to be κ-Ohio complete.

2.4.9. Question. Is a closed subspace of a κ-Ohio complete space
again κ-Ohio complete?
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We do not know whether a Gκ-subspace of a κ-Ohio complete space
is again κ-Ohio complete. For Fκ-subspaces we shall prove in Corol-
lary 2.5.6 that the assertion ‘Every closed subset of a κ-Ohio complete
space is again κ-Ohio complete’ is equivalent to the assertion ‘Every
Fκ-subspace of a κ-Ohio complete space is again κ-Ohio complete’.

The following proposition provides some κ-good compactifications
of Fκ- and Gκ-subsets of κ-Ohio complete spaces.

2.4.10. Proposition. Let X ⊆ Y ⊆ Z and suppose that Y is κ-Ohio
complete. If γZ is any compactification of Z, then X (closure in γZ)
is a κ-good compactification of X in each of the following cases:

(1) X is an Fκ-subset of Z;

(2) X is a Gκ-subset of Z.

Proof. Closures are taken in γZ. If X is either an Fκ- or a Gκ-subset
of Z, then it is a subset of similar kind of Y . So in either case it
follows from Proposition 2.3.1 that X is κ-Ohio embedded in Y . By
Corollary 2.3.5, X is also κ-Ohio embedded in γZ. Since X ⊆ X ⊆ γZ,
it follows from Proposition 2.3.2 that X is κ-Ohio embedded in X. ∎

2.4.11. Proposition. A Gκ+-subset of an Ohio complete space need
not be κ-Ohio complete.

Proof. Let X be the space constructed in Example 2.1.1. X is a
Gκ+-subset of its compactification Z, but it is not κ-Ohio complete. ∎

2.5 Closed sum theorems

In this and in the next section we shall concentrate our attention on
sum theorems for κ-Ohio completeness. Example 2.1.1 shows that, for
every infinite cardinal κ, there exists a non κ-Ohio complete space that
is the union of two Ohio complete subspaces, one open and the other
one closed. This fact motivated us to look for sum theorems for either
closed and κ-Ohio complete subspaces or open and κ-Ohio complete
subspaces.
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This section is devoted to closed sum theorems. The main result is
that the union of a κ-locally finite family of closed and κ-Ohio complete
subspaces is again κ-Ohio complete.

Recall that a family A of subsets of a space X is called κ-locally
finite if A is the union of κ-many locally finite families; a family A

of subsets of X is locally finite, if for every x ∈ X there is a neighbour-
hood U of x such that the set {A ∈ A ∶ A ∩U /= ∅} is finite.

Given a subspace Y of Z, showing that Y is κ-Ohio embedded in Z

usually consists of two tasks; the first task is to find a special Gκ-
subset S of Z which contains Y and secondly one needs to prove that
S is κ-good with respect to Y .

The following lemma provides Gκ-subsets containing Y that are κ-
good with respect to certain subsets of Y .

2.5.1. Lemma. Let X ⊆ Y ⊆ Z and suppose that X is the union of
a family F of closed subspaces of Y . Suppose moreover that every
element of F is κ-Ohio embedded in Z and that the family F is locally
finite in Y . Then there is a Gκ-subset S of Z that contains Y and such
that every point of S ∖Y can be separated from X by a Gκ-subset of Z.

Proof. Let F = {Xi ∶ i ∈ I} be the locally finite family consisting
of closed subspaces of Y such that X = ⋃F and such that Xi is κ-
Ohio embedded in Z, for every i ∈ I. For every y ∈ Y , fix an open
neighbourhood Ũy of y in Z, such that if Uy = Y ∩ Ũy, then {i ∈ I ∶
Xi ∩Uy ≠ ∅} is finite.

We will first find a Gκ-subset of Z containing Y and then we will
prove that this Gκ-subset has the required properties. All closures are
taken in Z. Note that by Proposition 2.3.2, the space Xi is κ-Ohio
embedded in X i for every i ∈ I, so we may fix a Gκ-subset Si of X i that
is κ-good with respect to Xi. The set X i∖Si is an Fκ-subset of X i and
hence of Z, so we may fix a collection {Fi,α ∶ α < κ} of closed subsets
of Z such that X i ∖ Si = ⋃α<κ Fi,α. Note that since each Xi is a closed
subset of Y , it follows that for every i ∈ I and α ∈ κ, Y ∩ Fi,α = ∅. For
every α < κ, we define

Gα = ⋃
i∈I

Fi,α.
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The set G = ⋃α<κ Gα is an Fκ-subset of Z, so its complement is a Gκ-
subset of Z. We claim that G ∩ Y = ∅. To see this, note that if y ∈ Y

and y ∈ Gα for some α < κ, then the set {i ∈ I ∶ Fi,α ∩ Ũy /= ∅} is infinite.
Since Fi,α ⊆ X i, it then follows that the collection {i ∈ I ∶ Xi ∩ Uy /= ∅}
is infinite and this is impossible.

We now define our Gκ-subset of Z as follows; let U = ⋃{Ũy ∶ y ∈ Y }
and let S = U ∖ G. Since G ∩ Y = ∅ and U is an open subset of Z

containing Y , it follows that S is a Gκ-subset of Z containing Y . We
will now prove that this Gκ-subset has the required properties.

So fix z ∈ S ∖Y . Then z ∈ Ũy for some y ∈ Y . Let J = {i ∈ I ∶ z ∈ X i}
and K = {i ∈ I ∶ X i ∩ Ũy /= ∅}. Note that J ⊆ K and K is finite by the
choice of Ũy. Since z /∈ G, it follows that z ∈ Sj for all j ∈ J . Since Sj

is a Gκ-subset of Xj that is good for Xi, for every j ∈ J we may fix a
Gκ-subset Tj of Z such that z ∈ Tj and Tj ∩Xj = ∅. Now let T be the
set given by

Ũy ∩ ⋂
j∈J

Tj ∩ ⋂
k∈K∖J

(Z ∖Xk).

It is not hard to verify that T is a Gκ-subset of Z that contains z and
misses X. Since z ∈ S was arbitrary, this shows that the Gκ-set S has
the required properties and this completes the proof. ∎

2.5.2. Theorem. Let X be the union of a κ-locally finite family F of
closed subspaces. If X ⊆ Z and every element of F is κ-Ohio embedded
in Z, then X is κ-Ohio embedded in Z.

Proof. Let F = ⋃α<κ Fα, where each Fα is locally finite in X. For
α < κ, we let Xα = ⋃Fα. Applying Lemma 2.5.1, for every α < κ we
find a Gκ-subset Sα of Z containing X such that every point in Sα ∖X

can be separated from Xα by a Gκ-subset of Z.
Now let S = ⋂α<κ Sα. It is clear that S is a Gκ-subset of Z that

contains X. We will show that S is κ-good with respect to X. So let
z ∈ S ∖X. For every α < κ we may find a Gκ-subset Tα of Z such that
z ∈ Tα and Xα ∩Tα = ∅. But then T = ⋂α<κ Tα is a Gκ-subset of Z that
separates z from X. ∎

2.5.3. Corollary. Let X be the union of a κ-locally finite family of
closed subspaces. If every element of the family is contained in a κ-Ohio
complete subspace of X, then X is itself κ-Ohio complete.
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Proof. Fix a κ-locally finite family F of closed subspaces of X such
that X = ⋃F , and such that every element of F is contained in a κ-
Ohio complete subspace of X. To show that X is κ-Ohio complete, we
fix an arbitrary compactification γX of X. First note that by Proposi-
tion 2.3.1 and Corollary 2.3.5, every element of F is κ-Ohio embedded
in γX. So it follows from the previous theorem that X is κ-Ohio em-
bedded in γX. Since γX was an arbitrary compactification of X, this
completes the proof. ∎

From this result follows a series of corollaries.

2.5.4. Corollary. If X is the union of a locally finite family of closed
and κ-Ohio complete subspaces, then X is itself κ-Ohio complete. ∎

2.5.5. Corollary. If X is the union of κ-many closed and κ-Ohio
complete subspaces, then X is itself κ-Ohio complete. ∎

2.5.6. Corollary. Let X be a κ-Ohio complete space. Then the fol-
lowing statements are equivalent:

(1) Every closed subset of X is κ-Ohio complete.

(2) Every Fκ-subset of X is κ-Ohio complete. ∎

We say that a family A of subsets of a space X is locally countable
(locally-κ) provided that for every x ∈ X, there is a neighbourhood U

of x such that the set {A ∈ A ∶ A∩U /= ∅} is countable (has cardinality
at most κ).

So, in view of Corollary 2.5.4, it is natural to ask whether κ-Ohio
completeness is preserved by taking locally countable closed sums. In
Example 4.3.1 we will construct a non-κ Ohio complete space that is
the union of a locally countable family of closed and Ohio complete
subspaces, thereby answering this question in the negative.

It follows from Corollary 2.5.3, that if the family {{x} ∶ x ∈ X} is
κ-locally finite in X, then X × Y is κ-Ohio complete whenever Y is κ-
Ohio complete. In particular, if X is either of cardinality κ or discrete
and Y is κ-Ohio complete, then X × Y is κ-Ohio complete. Observe
that the family {{α} ∶ α ∈ ⟨κ+⟩ } is not κ-locally finite in ⟨κ+⟩. This
raises the following question.
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2.5.7. Question. Suppose that X is κ-Ohio complete. Is ⟨κ+⟩ × X

also κ-Ohio complete?

2.6 Open sum theorems

We know that a finite union of Gκ-subsets is again a Gκ-subset (page
2). Using this property it is easy to show that a space that is the union
of finitely many Gκ- and κ-Ohio complete subspaces is again κ-Ohio
complete (for the countable case this was done in [6, Proposition 4.1]).
However, this result also follows from the more general Theorem 2.6.2
below.

Given a space X, in §1.4 we have defined the compact covering
number kcov(X) of X. In the next lemma we will refer to kcov(κλ).
Of course we always have κ ≤ kcov(κλ) ≤ κλ.

2.6.1. Lemma. Let X be a space. Then the union of λ-many Gκ-
subsets of X is a Gkcov(κλ)-subset of X.

Proof. Let G be a family of Gκ-subsets of X, with ∣G ∣ = λ. For
every G ∈ G , we fix a sequence (Gα)α<κ of open subsets of X such that
G = ⋂α<κ Gα. Since ∣G ∣ = λ, the space κG is homeomorphic to κλ, and
then we may write κG = ⋃τ<kcov(κλ)Kτ , where each Kτ is a compact
subset of κG .

For every τ < kcov(κλ), we let fτ ∶G →[κ]<ω be the function defined
as fτ(G) = pG(Kτ), where pG denotes the projection of κG onto the
G-th factor, and we let F = {fτ ∶ τ < kcov(κλ)}.

For every f ∈ F , we let Wf = ⋃G∈G ⋂α∈f(G)Gα and W = ⋂f∈F Wf .
It is clear that Wf is an open subset of X containing ⋃G , and that
W is a Gkcov(κλ)-subset of X containing ⋃G . We shall now prove that
W = ⋃G .

To this end, suppose that x /∈ ⋃G . Then, for every G ∈ G we may fix
an index αG ∈ κ such that x /∈ GαG

. Since the point y = (αG)G∈G ∈ κG ,
there exists some τ ∈ kcov(κλ) such that y ∈ Kτ . By construction
x /∈ Wfτ

, so that x /∈ W . ∎

2.6.2. Theorem. Let X be a space. Suppose that U is a cover of X

consisting of Gκ-subsets, with ∣U ∣ = λ. If X ⊆ Z, and every element of
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U is κ-Ohio embedded in Z, then X is kcov(κλ)-Ohio embedded in Z.

Proof. Let U = {Uα ∶ α < λ}. For every α < λ, we may fix a Gκ-subset
Sα of Z which is κ-good with respect to Uα. Note that since Uα is a Gκ-
subset of X, we may assume without loss of generality that Sα∩X = Uα.
Then, by Lemma 2.6.1, the set S = ⋃α<λ Sα is a Gkcov(κλ)-subset of Z.

We claim that S is kcov(κλ)-good with respect to X. First of all,
note that X ⊆ S, since Uα ⊆ Sα, for α < λ. So it remains to show that
every point in S ∖ X can be separated from X by a Gkcov(κλ)-subset
of Z. Actually we will prove more: such a point can be separated from
X by a Gκ-subset of Z.

So, fix an arbitrary point z ∈ S ∖ X. Then z ∈ Sα ∖ Uα, for some
α < λ. Then, by construction, there is a Gκ-subset T of Z such that
z ∈ T and T ∩Uα = ∅. But then, since Sα ∩X = Uα, the set Sα ∩ T is a
Gκ-subset of Z that contains z and misses X. ∎

Since d = kcov(ωω), the following corollary shows that the union of
countably many open and Ohio complete subspaces is d-Ohio complete.

2.6.3. Corollary. Let X be a space. Let U be a cover of X consi-
sting of Gκ-subsets, with ∣U ∣ = λ. Suppose that every element of U is
contained in a κ-Ohio complete subspace of X. Then X is kcov(κλ)-
Ohio complete.

Proof. Fix an arbitrary compactification γX of X. Since every ele-
ment of U is contained in a κ-Ohio complete subspace of X, it follows
from Proposition 2.3.1 and Corollary 2.3.5 that every element of U is
κ-Ohio embedded in γX. So by the previous theorem, X is kcov(κλ)-
Ohio embedded in γX. Since γX was an arbitrary compactification
of X, this shows that X is kcov(κλ)-Ohio complete. ∎

Our main interest here is in open sum theorems. In particular we
have the following:

2.6.4. Corollary. Assume d = ω1. Let U be a countable open cover
of X such that every element of U is contained in an ω1-Ohio complete
subspace of X, then X is ω1-Ohio complete.
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Proof. By Proposition 1.4.8, we have kcov(ωω
1
) = d. It now suffices

to apply Corollary 2.6.3. ∎

In [6, Example 5.7] it was shown that the countable union of open
and Ohio complete subspaces need not be Ohio complete. So it is na-
tural to ask whether the union of κ-many open and κ-Ohio complete
subspaces is κ-Ohio complete. From Theorem 4.4.2, which is a genera-
lization of [6, Example 5.7], it will follow that, at least for κ regular,
this is not the case. Moreover it will follow that, whenever κ < d, the
countable union of open and Ohio complete subspaces need not even
be κ-Ohio complete.

A family A of subsets of a space X is called point-finite (point-
countable), if for every x ∈ X the set {A ∈ A ∶ x ∈ A} is finite (coun-
table). It is clear that a locally finite (countable) family is point-finite
(point-countable).

The next results imply that if a space is the union of a point-finite
family whose elements are open and κ-Ohio complete, then the space
itself is κ-Ohio complete. The following lemma is an easy generalization
of a well-known result ([29, Lemma 3]). For completeness sake we
include the proof.

2.6.5. Lemma. Let G be a family of Gκ-subsets of a space X. If there
is a point-finite family U = {U(G) ∶ G ∈ G } of open subsets of X such
that G ⊆ U(G) for all G ∈ G , then ⋃G is also a Gκ-subset of X.

Proof. Fix the point-finite family U = {U(G) ∶ G ∈ G } of open sub-
sets of X such that G ⊆ U(G) for all G ∈ G . For every G ∈ G , we fix a
sequence (Gα)α<κ of open subsets of U(G) (and hence of X) such that
G = ⋂α<κ Gα. Let A be the set of all finite and non-empty subsets of κ.
For every A ∈ A we let WA = ⋃G∈G ⋂α∈A Gα, and W = ⋂A∈A WA. Note
that, since ∣A ∣ = κ, the set W is a Gκ-subset of X.

We will prove that ⋃G = W . Clearly, ⋃G ⊆ W . For the reverse
inclusion, let x /∈ ⋃G . By hypothesis, the set F = {G ∈ G ∶ x ∈ U(G)}
is finite. Since x /∈ ⋃G , we have x /∈ ⋃F . Then x /∈ G, for every G ∈ F .
It follows that, for every G ∈ F , there exists some α(G) < κ such that
x /∈ Gα(G). Of course the set A = {α(G) ∶ G ∈ F} ∈ A ; furthermore by
construction it follows that x /∈ WA, so that x /∈ W . ∎
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2.6.6. Theorem. Let U be a point-finite open cover of X. If X ⊆ Z

and every element of U is κ-Ohio embedded in Z, then X is κ-Ohio
embedded in Z.

Proof. Let U = {Ui ∶ i ∈ I} and for every i ∈ I, fix an open set Ũi of Z

such that Ui = X ∩ Ũi. We let Y be the subspace of Z given by

{z ∈ Z ∶ {i ∈ I ∶ z ∈ Ũi} is finite}.

Note that since U is a point-finite cover of X, we have X ⊆ Y . We
now prove that X is κ-Ohio embedded in Z in two steps; we first show
that X is κ-Ohio embedded in Y and then we show that Y is Ohio
embedded in Z.

Claim 1. X is κ-Ohio embedded in Y .

Proof of Claim. For U ∈ U we have U ⊆ Y ⊆ Z, so it follows
from Proposition 2.3.2 that every element of U is κ-Ohio embedded in
Y . So for every i ∈ I, we may fix a Gκ-subset Si of Y that is κ-good
with respect to Ui. Without loss of generality, we may assume that
Si ⊆ Ũi ∩ Y . Let S = ⋃{Si ∶ i ∈ I}. By definition of Y , the family
{Ũi ∩ Y ∶ i ∈ I} is a point-finite family of open subsets of Y . So it
follows from Lemma 2.6.5 that S is a Gκ-subset of Y .

The set S is the Gκ-subset we are looking for. Indeed, by construc-
tion we clearly have X ⊆ S. Fix a point t ∈ S ∖X, there exists some
i ∈ I such that t ∈ Si ∖ X; so in particular t ∈ Si ∖ Ui. Since Si is a
κ-good Gκ-subset of Y with respect to Ui, we can find a Gκ-subset Ti

of Y such that t ∈ Ti and Ti ∩Ui = ∅. Observe now that the Gκ-subset
Ti ∩ Si of Y contains t and misses X. This proves the claim. ◀

Claim 2. Y is Ohio embedded in Z.

Proof of Claim. We will show that Z is good with respect to Y . So
suppose that z ∈ Z ∖ Y . By definition, the set {i ∈ I ∶ z ∈ Ũi} is infinite.
So we may fix a countably infinite subset J of I such that z ∈ Ũj for
every j ∈ J . But then T = ⋂j∈J Ũj is a Gδ-subset of Z that separates z

from Y . ◀

Proposition 2.3.3 implies that X is κ-Ohio embedded in Z. ∎
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2.6.7. Corollary. Let U be a point-finite open cover of X. If every
element of U is contained in a κ-Ohio complete subspace of X, then
X is itself κ-Ohio complete.

Proof. Fix an arbitrary compactification γX of X. By Proposi-
tion 2.3.1 and Corollary 2.3.5, the assumptions imply that every ele-
ment of U is κ-Ohio embedded in γX. So it follows from the previous
theorem that X is κ-Ohio embedded in γX. Since γX was an arbitrary
compactification of X, this proves that X is κ-Ohio complete. ∎

2.6.8. Remark. It follows from the previous result that if X is covered
by a locally finite family of open and κ-Ohio complete subspaces, then
X is also κ-Ohio complete. So in particular, any topological sum of
κ-Ohio complete spaces is κ-Ohio complete. This last statement also
follows from Corollary 2.5.4.

2.6.9. Corollary. Let X be a paracompact space. If X has an open
cover whose elements are contained in some κ-Ohio complete subspace
of X, then X is itself κ-Ohio complete. ∎

In relation with Corollary 2.6.7 we could ask whether the point-
countable or the locally countable open sum theorem holds for ω1-Ohio
completeness. In Chapter 4 (Example 4.4.3 and Example 4.4.4), we
will prove that if d > ω1, then the countable union of open and ω1-
Ohio complete subspaces may fail to be ω1-Ohio complete; if d = ω1,
the countable open sum theorem is true for ω1-Ohio completeness by
Corollary 2.6.4. So the preceding question has a negative answer if
d > ω1. It is open if d = ω1.

A space X is (countably) metacompact if every (countable) open
cover has a point-finite open refinement. A space X is (countably) sub-
metacompact if and only if for every (countable) open cover U of X,
there is a countable collection E of closed subsets of X, such that
for every E ∈ E , there exists an open cover UE of X refining U and
point-finite on E. In [24], Gittings proved that countable submeta-
compactness is equivalent to countable metacompactness.

2.6.10. Corollary. Let X be a (countably) submetacompact space
and U a (countable) open cover of X. If every element of U is con-
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tained in a κ-Ohio complete subspace of X, then X is itself κ-Ohio
complete.

Proof. We may fix a countable collection E of closed subsets of X and
for every E ∈ E an open cover UE of X refining U and point-finite on E.
Now let γX be an arbitrary compactification of X. By Theorem 2.5.2
it suffices to prove that each E ∈ E is κ-Ohio embedded in γX. Fix
E ∈ E . It follows from Proposition 2.3.1 and Proposition 2.3.3 that,
for every U ∈ UE, the set U ∩ E is κ-Ohio embedded in γX. Since
{U ∩ E ∶ U ∈ UE} is a point-finite open cover of E, it follows from
Theorem 2.6.6 that E is κ-Ohio embedded in γX. This completes the
proof. ∎

2.6.11. Corollary. Let X be a countably submetacompact space and
let U be a σ-point-finite open cover of X. If every element of U is
κ-Ohio complete, then X is also κ-Ohio complete.

Proof. Note that X is countably metacompact by [24, Theorem 2.2].
Let X = ⋃n∈ω Un, where every Un is the union of a point-finite family of
open and κ-Ohio complete subspaces of X. By Corollary 2.6.7, every
Un is κ-Ohio complete. Since X is countably metacompact, there exists
a point-finite open refinement V of the cover {Un ∶ n ∈ ω}. Applying
again Corollary 2.6.7, it follows that X is κ-Ohio complete. ∎

A space X is (countably) subparacompact if every (countable) open
cover has a σ-locally finite closed refinement.

Let U be a countable open cover of the space X. It follows from
Corollary 2.6.11 that, if X is countably submetacompact and every
member of U is κ-Ohio complete, the space X is again κ-Ohio com-
plete. Note that among the countably submetacompact spaces are all
countably compact, countably paracompact and countably subpara-
compact spaces.





Chapter 3

Products of κ-Ohio complete spaces

3.1 Introduction

Given a topological property it is natural to ask whether it is invariant
under products. For an infinite cardinal κ, we do not know whether the
product of two κ-Ohio complete spaces is again κ-Ohio complete. It is
even unknown if the product of a κ-Ohio complete space and a compact
space is again κ-Ohio complete. This question turns out to be related
to the question whether κ-Ohio completeness is closed-hereditary. In
light of this fact, it is not surprising that the problem whether κ-Ohio
completeness is preserved by taking finite products is still unsolved.

For infinite products we have negative results. In particular, we
shall prove that if a space X contains a closed copy of either κ+ or ⟨κ+⟩,
then the space Xκ+ is not κ-Ohio complete. It turns out that, if κ is less
than the first weakly inaccessible cardinal, the space ωκ+ is not κ-Ohio
complete.

In view of this, we could ask whether ωκ+ can be embedded as a
closed subspace in some κ-Ohio complete space. Notice that a positive
answer to this question would solve Question 2.4.9 in the negative. We
will answer this for the case κ = ω only, that is, we will show that ωω1

is not a closed subspace of an Ohio complete space. For this, we will
construct a special non-Ohio complete space A. Then we will prove
a theorem that will allow us to conclude that the space A cannot be
embedded as a closed subspace in any Ohio complete space. Finally we
will prove that A admits a closed embedding in ωω1 . As a consequence,

39
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for any uncountable cardinal κ, the space ωκ cannot be embedded as a
closed subspace in any Ohio complete space.

We do not know whether this result generalizes for uncountable
cardinals.

3.2 Products: the general case

We start the section with the following simple result.

3.2.1. Proposition. Let X = ∏α<τ Xα be a κ-Ohio complete space.
Then, for every α < τ , the space Xα is κ-Ohio complete.

Proof. Note that every Xα is a retract of X. Now it suffices to apply
Corollary 2.4.7(2). ∎

3.2.2. Theorem. Let κ be an infinite cardinal number. Consider the
following statements:

(1) Preimages of κ-Ohio complete spaces under perfect mappings are
κ-Ohio complete.

(2) The product of a κ-Ohio complete space and a compact space is
always κ-Ohio complete.

(3) Every closed subspace of a κ-Ohio complete space is κ-Ohio com-
plete.

Then (1) ⇔ (2) ⇒ (3).

Proof. To prove that (1) ⇒ (2), let X be a κ-Ohio complete space
and K be a compact space. Then πX ∶X ×K → X is a perfect mapping,
so the hypothesis implies that X ×K is κ-Ohio complete.

For (2) ⇒ (3), let Y be a closed subspace of a κ-Ohio complete
space X. Consider the product Z = X × βY and its subspace Δ(Y ).
By Theorem 1.3.4, Y is C∗-embedded in βY . From this fact it easily
follows that Δ(Y ) is a C∗-embedded copy of Y in Z. Since Δ(Y ) is
also closed in Z, by Theorem 2.4.5 it follows that if Z is Ohio complete
then so is Y .

We finally prove that (2) ⇒ (1). Since (2) ⇒ (3), it follows from
[19, Theorem 3.7.26] that (1) holds. ∎
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By Theorem 3.2.2, Question 3.2.3 below is related to Question 2.4.9.

3.2.3. Question. Is the product of a κ-Ohio complete space with a
compact space always κ-Ohio complete?

The following results show that the product of κ-many κ-Ohio com-
plete spaces has many κ-good compactifications.

3.2.4. Lemma. Let {Xα ∶ α < κ} be a family of spaces. For every
α < κ, let Sα be a Gκ-subset of Xα. Then ∏α<κ Sα is a Gκ-subset of
X = ∏α<κ Xα.

Proof. For every α < κ, define Tα = π−1α (Sα), where πα is the natural
projection of the product space X onto Xα. Then Tα is a Gκ-subset of
X. It is easily seen that ∏α<κ Sα = ⋂α<κ Tα, and since an intersection
of κ-many Gκ-subsets is again a Gκ-subset (page 2), we are done. ∎

3.2.5. Proposition. Let {Xα ∶ α < κ} be a family of spaces. For every
α < κ, let γαXα ∈ κO(Xα). Then ∏α<κ γαXα ∈ κO(∏α<κ Xα).

Proof. Since γαXα ∈ κO(Xα), for every α < κ there exists a Gκ-subset
Sα of γαXα which is κ-good with respect to Xα. By Lemma 3.2.4, the
set ∏α<κ Sα is a Gκ-subset of ∏α<κ γαXα that clearly contains ∏α<κ Xα.
We will show that ∏α<κ Sα is κ-good with respect to ∏α<κ Xα.

So, pick a point p = (pα)α<κ ∈ ∏α<κ Sα ∖ ∏α<κ Xα. Then, for some
β < κ, we have pβ ∈ Sβ ∖ Xβ. Therefore, there exists a Gκ-subset Tβ

of γβXβ containing pβ and missing Xβ. The set Z = π−1β (Tβ) is a Gκ-
subset of ∏α<κ γαXα that contains p and misses ∏α<κ Xα. This proves
the proposition. ∎

The proof of the preceding proposition is based on the fact that
the intersection of κ-many Gκ-subsets is again a Gκ-subset. Since this
property may fail for larger intersections, we might expect that Propo-
sition 3.2.5 does not generalize to products with κ+-many factors. The
next proposition shows that in fact this is the case.

3.2.6. Proposition. Let Y be either the space κ+ or ⟨κ+⟩ and consider
its one-point compactification ωY (so ωY is either κ+∪{∞}, or ⟨κ++1⟩).
Then (ωY )κ+ is not a κ-good compactification for Y κ+.
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Proof. Observe that the point ∞ is not a Gκ-subset of ωY . Hence,
Y κ+ is Gκ-dense in (ωY )κ+ . But its remainder (ωY )κ+∖Y κ+ is Gκ-dense
in (ωY )κ+ as well. The statement follows from Proposition 2.3.6. ∎

3.2.7. Corollary. (κ+)κ+ and ⟨κ+⟩
κ+

are not κ-Ohio complete. ∎

An application of this result is that the limit of an inverse system
of κ-Ohio complete spaces need not be κ-Ohio complete.

3.2.8. Proposition. The limit of an inverse system of κ-Ohio com-
plete spaces need not be κ-Ohio complete.

Proof. If α < κ+, then it follows from [38, Proposition 1.10] that
Č((κ+)α) ≤ ∣α∣ ≤ κ. So it follows from Proposition 2.2.1 that (κ+)α is
κ-Ohio complete. Now observe that (κ+)κ+ can be seen as the inverse
limit of the system {(κ+)α, πα

β , κ+}, where πα
β ∶ (κ

+)α → (κ+)β is the usual
projection. ∎

A natural question is then whether the space ωκ+ is or is not κ-Ohio
complete. Observe that the argument used in Proposition 3.2.6 cannot
be applied to ωκ+ ; in fact every product compactification of ωκ+ is even
good. This is a consequence of the next proposition. We will however
aswer to the preceding question in Corollary 3.2.13 below.

3.2.9. Proposition. Let X = ∏α<κ Xα, where kcov(Xα) ≤ λ for every
α < κ, and let γαXα ∈ C (Xα), for every α < κ. Then ∏α<κ γαXα ∈
λO(X).

Proof. Let Z = ∏α<κ γαXα. We will show that Z itself is the good Gλ-
subset we are looking for. Note that, since kcov(Xα) ≤ λ, the remainder
γαXα ∖Xα is a Gλ-subset of γαXα, for every α < κ.

Now, fix a point x = (xα)α<κ ∈ Z ∖X. So, there exists some α < κ

such that xα ∈ γαXα∖Xα. The set W = π−1α (γαXα∖Xα), is a Gλ-subset
of Z that misses X. This completes the proof. ∎

This raises the question whether, for example, product spaces with
σ-compact factors, like ωκ+ or Rκ+ , are κ-Ohio complete or not. Fur-
thermore it turns out that finding a non κ-good compactification for
such spaces is not trivial.
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Proposition 3.2.6 is a simple but very useful result. Indeed, we will
use it to find product spaces that are not κ-Ohio complete. For example
it will follow that, if κ is less than the first weakly inaccessible cardinal,
neither ωκ+ nor Rκ+ is κ-Ohio complete.

3.2.10. Theorem. If X contains a closed copy of either κ+ or ⟨κ+⟩,
then Xκ+ is not κ-Ohio complete.

Proof. Let us prove the theorem assuming that X contains a closed
copy of κ+. The other case is analogous. Since X contains a closed copy
of κ+, the space Xκ+ contains a closed copy of (κ+)κ+ . Assume, striving
for a contradiction, that Xκ+ is κ-Ohio complete and let Z = (βX)κ+ .
Closures are taken in Z.

Our hypothesis, combined with Theorem 2.4.2, imply that (κ+)κ+

is a very κ-good compactification for (κ+)κ+ . Since (κ+)κ+ ≥ (ωκ+)κ+ ,
the latter product is a κ-good compactification for (κ+)κ+ , which is a
contradiction with Proposition 3.2.6. ∎

3.2.11. Corollary. Assume that κ+ is less than the first weakly inac-
cessible cardinal θ. If Xκ+ is κ-Ohio complete, then X is countably
compact.

Proof. If not, then Xκ+ would contain a closed copy of ωκ+ . Since
κ+ < θ, the power ωκ+ contains a closed copy of κ+, by [36]. Then
Xκ+ would contain a closed copy of κ+, which is a contradiction with
Theorem 3.2.10. ∎

3.2.12. Question. Can we improve Corollary 3.2.11 substituting
‘countably compact’ by ‘compact’?

In Theorem 3.5.9 we will show that the answer is yes for κ = ω.

3.2.13. Corollary. If κ+ is strictly less than the first weakly inac-
cessible cardinal, then neither ωκ+ nor Rκ+ is κ-Ohio complete. ∎

3.3 A special non-Ohio complete space

In this section we will construct a space A that is the key space for
proving that ωω1 cannot be embedded as a closed subspace in any Ohio
complete space.



44 Chapter 3: Products of κ-Ohio complete spaces

Let us start by proving the following theorem, which is basically
due to Mrowka [35].

3.3.1. Theorem. Let X be a space and κ ≥ ω. Then the following
statements are equivalent:

(1) X admits a closed embedding in ωκ.

(2) X has a zero-dimensional compactification γX such that

(i) w(γX) ≤ κ,

(ii) there is a family S consisting of closed Gδ-subsets of γX

such that ∣S ∣ = κ and ⋃S = γX ∖X.

Proof. For (1) ⇒ (2), assume that X is a closed subspace of ωκ.
Let γX be the closure of X in ⟨ω+1⟩

κ
. It is clear that γX is zero-

dimensional and that w(γX) ≤ κ. For (ii), simply observe that ⟨ω+1⟩
κ
∖

ωκ is the union of a family of cardinality κ of closed Gδ-subsets of
⟨ω+1⟩

κ
. Since X is closed in ωκ, we have γX ∖X = (⟨ω+1⟩

κ
∖ωκ)∩γX.

The statement then follows.
For (2) ⇒ (1), for every S ∈ S let fS ∶γX → ⟨ω+1⟩ be a continuous

function such that f−1S ({ω}) = S. Define f ∶γX → ⟨ω+1⟩
S

in the obvious
way by f(x)S = fS(x), for S ∈ S . It is easy to prove that f(X) ⊆ ωS

and f(γX ∖X) ⊆ ⟨ω+1⟩
S
∖ ωS . It means that Y = f(X) is a closed

subspace of ωS . It is clear that f↾X ∶X → f(X) is a perfect map.
Since w(γX) ≤ κ and γX is zero-dimensional, we may assume that γX

is a subspace of 2κ ([19, Theorem 6.2.16]). Now define g∶X → 2κ × ωS

by g(x) = (x, f(x)). Then g is an embedding. We claim that g(X)

is closed in 2κ × ωS ≈ ωκ. Indeed, assume that (p, q) ∈ g(X). Then
q ∈ f(X) since f(X) is closed. Hence f−1(q) is compact. Assume that
p /∈ f−1(q). There are disjoint open subsets U,V ⊆ ωκ such that f−1(q) ⊆
U and p ∈ V . Since f ∶X → f(X) is perfect, there is a neighbourhood
W of q in ωS such that f−1(W ) ⊆ U . Consider the neighbourhood
V ×W of (p, q). It contains the point (x, f(x)), for some x ∈ X. But
then, obviously, x ∈ V ∩ U , which is a contradiction. So we conclude
that p ∈ f−1(q), i.e., (p, q) ∈ g(X). ∎
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A space is crowded if it has no isolated points. The one-point Lin-
delöfication of a discrete space X of cardinality ω1, obtained by adding
a point p to X in such a way that every point of X is still isolated and
an open neighbourhood of the point p has countable complement, is an
example of a Lindelöf P -space of weight ω1 that is not discrete.

We need an example of a crowded Lindelöf P -space of weight ω1

that has a good compactification: we describe such a space in the next
theorem.

3.3.2. Theorem. There is a Lindelöf P -space X with a zero-dimen-
sional compactification γX having the following properties:

(1) X is crowded, ∣X ∣ = ω1, and w(γX) = ω1,

(2) there is a family S consisting of closed Gδ-subsets of γX such
that ∣S ∣ = ω1 and ⋃S = γX ∖X.

Proof. Let Y = ⟨ω1+1⟩, and let S denote the set of isolated points of
Y . That is, S is the set of successor ordinals in ω1. Then T = S ∪ {ω1}
is a Lindelöf P -space of weight ω1 and Y is a good compactification of
T . But all points of T but one are isolated. So our aim is to modify Y

and T .
Consider the space F (Y ) of all non-empty closed subspaces of Y

endowed with the Vietoris topology . That is, basic neighbourhoods of
elements of F (Y ) have the form

⟨U ⟩ = {L ∈ F (Y ) ∶ L ⊆ ⋃U and L ∩U /= ∅, for every U ∈ U },

where U is any family consisting of finitely many open subsets of Y .
Observe that F (Y ) is compact by [19, Problem 3.12.27(a)]. In addi-
tion, F (Y ) is zero-dimensional by [19, Problem 6.3.22(e)]. Now define

Z = {F ∈ F (Y ) ∶ ω1 ∈ F}.

Then clearly Z is a closed and hence compact subspace of F (Y ).
Observe that the set T ∗ consisting of all elements F ∈ Z having the
property that F ∩ ω1 is a finite (and possibly empty) subset of S, is
dense in Z .
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Claim 1. T ∗ is a crowded Lindelöf P -space.

Proof of Claim. Let F ∈ T ∗. For a basic neighbourhood ⟨U ⟩
of F , pick an element U ∈ U containing ω1. Pick an arbitrary element
α ∈ U ∩S such that α /∈ F . Then F ∪{α} ∈ T ∗ ∩ (⟨U ⟩ ∖ {F}), hence T ∗

is crowded.
For every n ≥ 1 define fn∶Y n → F (Y ) by fn(y1, . . . , yn) =

{y1, . . . , yn}. As is well-known, each fn is continuous. It is not difficult
to prove directly that T n is Lindelöf (alternatively, apply Noble [37]).
As a consequence, ⋃n≥1 fn(T n) is Lindelöf. We will verify that T ∗ is a
closed subspace of ⋃n≥1 fn(T n), and is therefore Lindelöf as well. To
see this, let K ∈ ⋃n≥1 fn(T n) ∖ T ∗. Then ω1 /∈ K, and so there exists
an open subset U ⊆ Y such that K ⊆ U and ω1 /∈ U . It follows that
K ∈ ⟨{U}⟩ ∩ ⋃n≥1 fn(T n) ⊂ ⋃n≥1 fn(T n) ∖ T ∗.

We will next prove that T ∗ is a P -space. To this end, take an
arbitrary element F ∈ T ∗, and for every n ∈ ω, let ⟨Un⟩ be a basic
open neighbourhood of F . We will prove that ⋂n∈ω⟨Un⟩ contains a
basic neighbourhood of F . Indeed, for every n ∈ ω, pick Un ∈ Un such
that ω1 ∈ Un. Let U be an open neighbourhood of ω1 in Y such that
U ⊆ ⋂n∈ω Un. Put V = {{α} ∶ α ∈ F ∩ ω1} ∪ {U}. Then clearly

F ∈ ⟨V ⟩ ⊆ ⋂
n∈ω

⟨Un⟩,

as required. ◀

Now let X = T ∗, and γX = Z . Then ∣X ∣ = ω1. It follows by [19,
Problem 3.12.27(a)] that w(γX) ≤ ω1, and γX is zero-dimensional since
F (Y ) is. Observe that w(γX) ≥ ω1 since T ∗ contains a copy of T .

Claim 2. Z ∖ T ∗ = {F ∈ Z ∶ F contains some limit ordinal α < ω1}.

Proof of Claim. Assume that F ∈ Z is disjoint from the set of
all limit ordinals in ω1. Then F ∩ ω1 ⊆ S; moreover F ∩ ω1 is closed
in ω1 since F is closed. This implies that F is finite, which means
that F ∈ T ∗. ◀

For every limit ordinal α < ω1, put

Aγ = {F ∈ F (Y ) ∶ α ∈ F}.
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Pick an arbitrary limit ordinal α < ω1, and let (αn)n∈ω be a sequence of
ordinal numbers in α such that sup{αn ∶ n ∈ ω} = α. For every n ∈ ω,
put Gn = {[αn+1, α], Y }. Observe that Gn consists of clopen sets. An
easy verification shows that

Aα = ⋂
n∈ω

⟨Gn⟩,

hence Aα is a closed Gδ-subset of F (Y ). So we are done since there
are only ω1 limit ordinals in ω1. ∎

We are now ready to construct the announced space.

3.3.3. Example. A space of cardinality and weight ω1 that is not Ohio
complete.

Proof. Let X be the space with compactification γX constructed in
Theorem 3.3.2. Since X has weight ω1 and no non-empty open subset
of X is countable (since X is a crowded P -space), a trivial transfinite
induction shows that we can split X into two dense subsets, say A and
B. We claim that A is not Ohio complete.

Indeed, consider the compactification γX of A. Let S be a Gδ-subset
of γX containing A. Then U = S ∩X is a Gδ-subset of X containing A.
Hence U is open, X being a P -space. Since B is dense in X, we may
pick p ∈ S ∩B. Let T be any Gδ-subset of γX that contains p. Then
T ∩X is a neighbourhood of p in X and hence intersects A. This shows
that p cannot be separated from A by a Gδ-subset of γX. ∎

3.3.4. Remark. Under CH, the space in Example 3.3.3 can be chosen
to be a topological group. Indeed, let X = (2ω1)δ. Then X is a topo-
logical group of weight ω1 under CH. Let K be a dense subgroup of X

of cardinality ω1. A moments reflection shows that for the subset A in
the proof of Example 3.3.3 we may take a subgroup of K.

3.4 Creating ‘bad’ compactifications

In this section we will prove an interesting criterion for creating ‘bad’
compactifications. From this criterion we will derive some results that
will be applied in the last section.
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3.4.1. Theorem. Let X be a space. For a given point x ∈ X put
κ = χ(x,X). Then at least one of the following statements is true:

(1) κ = ω.

(2) There is a family L of fewer than κ compact subsets of βX ∖X

such that ⋃L does not have compact closure in βX ∖X.

(3) The point x is contained in a closed G<κ-subset of X that is Lin-
delöf.

(4) For every compactification γX of X there is a compactification
δX of X such that δX ≤ γX and δX /∈ O(X).

Proof. Assume that (1), (2) and (3) are false, and let γX be an
arbitrary compactification of X. We will prove that (4) holds. Observe
that ¬(2) holds if we replace βX by γX.

We will first show that κ is regular. Observe that χ(x, γX) =
χ(x,X) since X is dense in γX ([28, 2.7(a)]). Let V be a neigh-
bourhood base of x in γX consisting of closed Gδ-subsets of γX. If κ

is singular, then we can split V into subfamilies {Vi ∶ i ∈ I} such that
∣Vi∣ < κ for every i ∈ I, while moreover ∣I ∣ < κ. If i ∈ I, then ⋂Vi is a
G<κ-subset of γX containing x, hence by its compactness it cannot be
contained in X by ¬(3); pick an arbitrary point yi ∈ ⋂Vi ∖X. Then
x is in the closure of the set {yi ∶ i ∈ I}, which is impossible by ¬(2).
Hence by ¬(1), κ is an uncountable regular cardinal.

Claim 1. Each G<κ-subset U of γX that contains x contains a compact
subset K having the following properties:

(i) K ⊆ U ∖X,

(ii) there is no Gδ-subset S of γX such that K ⊆ S ⊆ γX ∖X.

Proof of Claim. Let P be a closed G<κ-subset of γX that contains x

and such that P ⊆ U . By ¬(3) there is an open collection V in U such
that P ∩ X ⊆ ⋃V while moreover P ∩ X /⊆ ⋃V ′ for every countable
V ′ ⊆ V . Put K = P ∖⋃V . Then K is a compact subset of U ∖X, and
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we claim that it is as required. To prove this, assume that there exists
a Gδ-subset S of γX such that K ⊆ S ⊆ γX ∖X. Observe that

γX ∖ S ⊆ (γX ∖ P ) ∪⋃V .

Since γX ∖ S is σ-compact, it is Lindelöf. There consequently is a
countable subcollection V ′ of V such that

γX ∖ S ⊆ (γX ∖ P ) ∪⋃V
′.

But then P ∩X ⊆ ⋃V ′, which is a contradiction. ◀

Let {Vα ∶ α < κ} be a neighbourhood base of x in γX. For α < κ we
will construct a continuous function fα∶γX → I, and a compact subset
Kα of γX such that

(iii) fα(x) = 0 and Kα ⊆ (⋂β<α f−1β (0) ∩ ⋂β≤α Vβ) ∖X,

(iv) there is no Gδ-subset S of γX such that Kα ⊆ S ⊆ γX ∖X,

(v) f−1α ([0,1)) ⊆ Vα ∩⋂β≤α(γX ∖Kβ).

Assume that for some α < κ we constructed fβ and Kβ for all β < α

(the ordinal α could be 0).
Observe that U = ⋂β<α f−1β (0) ∩ ⋂β≤α Vβ is a G<κ-subset of γX con-

taining x. Pick Kα for U as in Claim 1. By ¬(2), there is an open
neighbourhood V of x in γX such that V ⊆ Vα∩⋂β≤α(γX ∖Kβ). There
consequently is a continuous function fα∶γX → I such that fα(x) = 0
and f−1α ([0,1)) ⊆ V . This completes the transfinite construction.

Now define f ∶γX → Iκ by

f(p)α = fα(p), for every α < κ.

Then f is clearly a continuous function. For every α < κ, let the point
p(α) ∈ Iκ be defined by

p(α)ξ =

⎧⎪⎪
⎨
⎪⎪⎩

0, if ξ < α,

1, if α ≤ ξ < κ.
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Let 0 be the point of Iκ having all coordinates equal to 0. It is easy to
see that the subset

P = {0} ∪ {p(α) ∶ α < κ}

of Iκ is closed in Iκ and hence is compact. Observe that P is a homeo-
morphic copy of ⟨κ+1⟩.

Claim 2. f−1(0) = {x} and, for every α < κ, f(Kα) = {p(α)}.

Proof of Claim. This is clear from (iii) and (iv) and the fact that
{Vα ∶ α < κ} is a neighbourhood base of x in γX. ◀

Now put K = ⋃α<κ Kα.

Claim 3. K ∩X = {x}.

Proof of Claim. It is clear from (iii) that x ∈ K ∩X. Assume that
there exists y ∈ (K ∩X) ∖ {x}. Pick β < κ such that y /∈ V β. By (iii),
Kα ⊆ Vβ for every α ≥ β. Since

y ∈ ⋃
α<κ

Kα = ⋃
α<β

Kα ∪ ⋃
β≤α<κ

Kα ⊆ ⋃
α<β

Kα ∪ V β,

this means that y ∈ ⋃α<β Kα. But this contradicts ¬(2). ◀

Let g = f↾K. Then g∶K → P is a continuous surjection by Claim 2.
Consider the adjunction space Z = γX ∪g P . Let π∶γX → Z be the
natural quotient map. Observe that π replaces K by a copy of P . It will
be convenient to identify P and that copy of itself. Also observe that
by Claim 2 we have that π−1(π(y)) = {y} for every y ∈ X. Hence Z is a
compactification of X, say Z = δX. We claim that δX /∈ O(X). To this
end, assume that S is an arbitrary Gδ-subset of δX that contains X.
Since κ has uncountable cofinality, being regular, and δX ∖ S is an
Fσ-subset of δX that is contained in δX ∖X, there exists α < κ such
that p(α) ∈ S. Striving for a contradiction, assume that there is a
Gδ-subset T of δX containing p(α) and missing X. Then π−1(T ) is
a Gδ-subset of γX that misses X but contains Kα by Claim 2. This
however contradicts (iv). ∎
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3.4.2. Corollary. Let X be a closed subspace of an Ohio complete
space containing a point x. Then for κ = χ(x,X) at least one of the
following statements is true:

(1) κ = ω.

(2) There is a family L of fewer than κ compact subsets of βX ∖X

such that ⋃L does not have compact closure in βX ∖X.

(3) The point x is contained in a closed G<κ-subset of X which is
Lindelöf.

Proof. From Theorem 2.4.2 it follows that (4) of Theorem 3.4.1 does
not hold for X. Hence one of (1), (2) and (3) must hold. ∎

As we observed in §2.2, if X is Čech-complete, or Lindelöf, or a
p-space, or has a Gδ-diagonal, then X is Ohio complete. It is not
difficult to verify that these classes of spaces satisfy the conclusion of
Corollary 3.4.2.

Corollary 3.4.2 leads us to a characterization of the Ohio complete
P -spaces of weight ω1.

3.4.3. Theorem. Let X be a P-space of weight at most ω1. Then the
following conditions are equivalent:

(1) X is Ohio complete.

(2) X is a closed subspace of an Ohio complete space.

(3) X admits a clopen partition each element of which is Lindelöf.

Proof. (1) ⇒ (2) is trivial. For (2)⇒ (3), pick an arbitrary x ∈ X, and
let κ = χ(x,X). Then if κ = ω, it follows that x is isolated in X since X

is a P -space. So assume that κ = ω1. Since X is a P -space, the union
of countably many compact subsets of βX ∖ X clearly has compact
closure in βX ∖ X. Hence by Corollary 3.4.2 it follows that x has a
Lindelöf neighbourhood, and hence a Lindelöf clopen neighbourhood.
So we conclude that X has a clopen cover by Lindelöf subspaces. But
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this cover can be refined by a clopen partition since X is a P -space of
weight ω1.

For (3) ⇒ (1), we simply use the fact that every Lindelöf space is
Ohio complete, and we apply Remark 2.6.8. ∎

We do not know whether it is possible to characterize the Ohio
complete spaces among arbitrary P -spaces in a similar way.

3.5 The space ωω1 is not closed in any Ohio complete space

Let A be the space constructed in Example 3.3.3. Since A is a P -space
of weight ω1 that is not Ohio complete, by Theorem 3.4.3 we get the
following:

3.5.1. Proposition. A cannot be embedded as a closed subspace of
any Ohio complete space. ∎

However the following theorem holds.

3.5.2. Theorem. A admits a closed embedding in ωω1.

Proof. By Theorem 3.3.1 we may assume that X is a closed subset of
ωω1 . Take an arbitrary x ∈ X. We claim that X ∖ {x} admits a closed
embedding in ωω1 . Since X is a crowded P -space, and has weight ω1,
the space X ∖ {x} is the disjoint union of a family A consisting of
clopen subspaces of X. This family has clearly size ω1, hence we may
enumerate it faithfully as {Aα ∶ α < ω1}. By a result of Mycielski [36],
ωω1 has a closed discrete subspace D of cardinality ω1 (the proof in [19,
3.1.H.(a)] outlined for c can easily be adapted to work for ω1 as well).
Enumerate D faithfully as {dα ∶ α < ω1}. Define f ∶X ∖ {x} → ωω1 ×ωω1

by

f(p) = ⟨p, dα⟩ ⇐⇒ p ∈ Aα.

Then f is a closed embedding.
So we conclude that for every x ∈ B the space X ∖ {x} admits a

closed embedding in ωω1 . Since ∣X ∣ = ω1, standard methods now prove
that A = ⋂x∈B X ∖ {x} admits a closed embedding in ωω1 as well. ∎
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3.5.3. Corollary. ωω1 cannot be embedded as a closed subspace of
any Ohio complete space. ∎

3.5.4. Remark. We do not know whether this result generalizes for
uncountable cardinals, i.e., whether ωκ+ can or cannot be embedded as
a closed subspace of some κ-Ohio complete space.

The problem is to generalize the construction of the space A for
the uncountable case. Indeed, we would need a non κ-Ohio complete
space A′ that is not closed in any κ-Ohio complete space and that
admits a closed embedding in ωκ+ .

To prove that A admits a closed embedding in ωω1 we have made
use of the fact that the space X is a closed subset of ωω1 . So to prove
that A′ admits a closed embedding in ωκ+ we would need that the
corresponding generalization of the space X is a closed subset of ωκ+ .

Let us denote by X ′ the space that we get from Theorem 3.3.2
by replacing ω1 by κ+; it turns out that X ′ has a zero-dimensional
compactification γX ′ such that γX ′ ∖X = ⋃S , where S is a family
consisting of closed Gκ-subsets of γX. Since Theorem 3.3.1 does not
hold if in its statement we replace ‘κ’ by ‘κ+’ and ‘Gδ’ by ‘Gκ’ we cannot
conclude that X ′ admits a closed embedding in ωκ+ .

3.5.5. Corollary. If κ is an uncountable cardinal, the space ωκ (and
then the space Rκ), cannot be embedded as a closed subspace of any
Ohio complete space. ∎

The following improves Corollary 3.2.11.

3.5.6. Corollary. Let κ be an infinite cardinal. If X = ∏α<κ Xα

is a closed subspace of an Ohio complete space, then all but at most
countably many of the Xα’s are countably compact.

Proof. If not, then X contains a closed subspace homeomorphic to
ωω1 . So then we contradict the combination of Proposition 3.5.1 and
Theorem 3.5.2. ∎

A natural question is if ‘countably compact’ in Corollary 3.5.6 can
be improved to ‘compact’. In the following we will prove that this can
indeed be done.
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3.5.7. Theorem. Every countably compact closed subspace of an Ohio
complete space is Čech complete.

Proof. Let X be an Ohio complete space containing a closed, counta-
bly compact subspace Y . Consider βX, and pick a Gδ-subset S of βX

that is good with respect to X. Closures are taken in βX. We claim
that S ∩ Y = Y . This will prove that Y is a Gδ-subset of Y , which
means that Y is Čech-complete.

Striving for a contradiction, put T = S ∩ Y , and assume that there
is a point x ∈ T ∖Y . Then there is a closed Gδ-subset A of Y such that
x ∈ A and A ∩ Y = ∅. Since A is a closed and a Gδ-subset of a normal
space, by Corollary 1.2.2, there is a continuous function f ∶Y → I such
that f−1(0) = A. Now for every n ∈ ω, pick a point yn ∈ Y such that
f(yn) < 2−n. Then all limit points of the sequence {yn ∶ n ∈ ω} belong
to A, contradicting the countable compactness of Y . ∎

Observe that in this proof we only need that X has at least one
good compactification, and not that all compactifications are good. So
we actually have proved a stronger result than stated.

The following result is well-known (it follows from [38, Proposition
1.10]). For completeness sake we include the proof.

3.5.8. Lemma. Let {Xα ∶ α < ω1} an uncountable family of spaces. If
X = ∏α<ω1

Xα is Čech complete, then all but at most countably many
of the Xα’s are compact.

Proof. Striving for a contradiction, assume that uncountably many
of the Xα’s are not compact. Pick an arbitrary point x ∈ X, and assume
that x is contained in a Gδ-subset K of X. There is a countable set
A ⊆ ω1 such that the set

B = {y ∈ X ∶ xα = yα, for every α ∈ A}

is contained in K. Since B is closed in X and, by our assumption, it
is not compact, it follows that K is not compact. This clearly implies
that X is not a Čech-complete space, a contradiction. ∎

These results lead us to the following theorem.
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3.5.9. Theorem. Let {Xα ∶ α < ω1} an uncountable family of spaces.
If X = ∏α<ω1

Xα is a closed subspace of an Ohio complete space, then
all but at most countably many of the Xα’s are compact.

Proof. Striving for a contradiction, assume that uncountably many
of the Xα’s are not compact. We may consequently suppose without
loss of generality that Xα is non-compact for every α < ω1. Split ω1

into a disjoint family of sets {Eα ∶ α < ω1} such that ∣Eα∣ = ω1 for every
α < ω1. For every α < ω1, put X(α) = ∏β∈Eα

Xβ.
Fix β < ω1 for a moment. We claim that X(β) is not countably

compact. Indeed, if it were countably compact, then it would be Čech
complete by Theorem 3.5.7, and this would contradict Lemma 3.5.8.

Hence X = ∏β<ω1
X(β) is a closed subspace of an Ohio complete

space, and none of its factors is countably compact. But this contradicts
Corollary 3.5.6. ∎





Chapter 4

Examples and counterexamples

4.1 Introduction

In this chapter we present examples and counterexamples of spaces
related to κ-Ohio completeness; these examples provide some answers
to questions raised in the previous chapters.

We will start by proving a theorem that provides many examples of
non κ-Ohio complete spaces; in particular we will present examples of
first-countable homogeneous spaces that are not Ohio complete.

Then we will prove that the union of a locally countable family of
closed and κ-Ohio complete subspaces need not be κ-Ohio complete.

Next, we shall prove a theorem that will allow us to obtain consi-
stency results about the union of open and κ-Ohio complete subspaces.
In particular, we will show that, assuming κ < d, the union of countably
many open and Ohio complete subspaces need not be κ-Ohio complete.
If κ is a regular cardinal, we will prove that the union of κ-many open
and κ-Ohio complete subspaces need not be κ-Ohio complete.

Finally, we will end the section by giving examples of homogeneous
spaces of point-countable but not of countable type.

A few examples that we will construct may be viewed as resolutions.
This fundamental operation, introduced by Fedorčuk in [20], pro-
duces many interesting spaces. Many classical and well-known exam-
ples, such as the double arrow space, the Alexandroff duplicate, the
Michael line, are resolutions. More information about this can be found
in [20] and [43].

57
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4.2 A homogeneous first-countable non Ohio complete space

In the next theorem we use a modification of the Alexandroff duplicate,
which turns out to be a resolution.

4.2.1. Theorem. Suppose X is a dense subspace of Z such that l(X) ≤
κ and such that every Gκ-subset of Z containing X has cardinality at
least κ+. Then there is a non κ-Ohio complete space Y that satisfies
the following conditions:

(1) If X has character at most κ, then so does Y .

(2) If X is zero-dimensional, then so is Y .

Proof. Consider the space ⟨κ++2⟩, which is the disjoint sum of the
space ⟨κ++1⟩ and the point κ++1. The set W is given by Z × ⟨κ++2⟩
and Y is given as the following subset of W :

Y = (Z × ⟨κ+⟩) ∪ (X × {κ++1}).

We define a topology on W as follows: basic open neighbourhoods of
points of the form (z,α), where z ∈ Z and α ∈ ⟨κ++1⟩ are of the form
{z}×U where U is an open subset of ⟨κ++1⟩. Basic open neighbourhoods
of points of the form (z, κ++1) are given by:

U(z) = U × ⟨κ++2⟩ ∖ ({z} × ⟨κ++1⟩),

where U is an open neighbourhood of z in Z. It is easy to verify that
these sets may serve as a basis for a Tychonoff topology on W .

To the subset Y is given the subspace topology inherited from W

and it is not hard to verify that (2) holds. For (1), assume that χ(X) ≤
κ. Since X is dense in Z, it follows that χ(x,Z) ≤ κ for every x ∈ X

(see for instance [28, 2.7(a)]). Now it follows easily that χ(Y ) ≤ κ.
We will now show that Y is not κ-Ohio complete. Since {z}×⟨κ++1⟩

is homeomorphic to ⟨κ++1⟩, no point of the set Z×{κ+} can be separated
from Y by a Gκ-subset of W . Using the techniques of Proposition 2.3.6,
non κ-Ohio completeness of Y follows from the following observation.
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Claim 1. Whenever G is a non-empty Gκ-subset of W containing Y

then G ∩ (Z × {κ+}) /= ∅.

Proof of Claim. Let G = ⋂α<κ Gα be a Gκ-subset containing Y ,
where each Gα is an open subset of W . Note that the closed subspace
X ×{κ++1} of W is homeomorphic to X. Since X has Lindelöf number
at most κ, for every α < κ we may find a subset Fα of X having
cardinality at most κ; and for each x ∈ Fα an open neighbourhood Ux,α

of x in Z such that

X × {κ++1} ⊆ ⋃{Ux,α ∶ x ∈ Fα} ⊆ Gα.

For α < κ, we let Uα = ⋃{Ux,α ∶ x ∈ Fα} and U = ⋂α<κ Uα. We also let
F = ⋃α<κ Fα. Note that since each Fα has cardinality at most κ, the
set F has cardinality at most κ as well. Since U is a Gκ-subset of Z

that contains X, the difference U ∖F has cardinality at least κ+, so in
particular it is non-empty. Now let z ∈ U ∖ F . It is not hard to realize
that in this case we have

{z} × ⟨κ++2⟩ ⊆ G,

so that (z, κ++1) ∈ G ∩ (Z × {κ+}) and this proves the claim. ◀

As indicated before, this proves the theorem. ∎

4.2.2. Remark. Let us point out that the topology on the space W

may be viewed as a resolution topology. Suppose that X and {Yx ∶ x ∈
X} are spaces and, for each x ∈ X, fx∶X ∖ {x} → Yx is a continuous
function. Let Z = ⋃{{x} × Yx ∶ x ∈ X}. If Ux is an open subset of X

containing x ∈ X and W is an open subset of Yx, we put Ux ⊗ W =
({x} × W ) ∪ ⋃{{x′} × Y ′x ∶ x′ ∈ Ux ∩ f−1x (W )}. We topologize Z by
taking the collection of all Ux⊗W as an open basis. The space we have
obtained is called the resolution of X at each point x ∈ X into Yx by
the mapping fx.

It turns out that the topology on the space W is the resolution of Z

at each point z ∈ Z into ⟨κ++2⟩ by the constant mapping fz(y) = κ++1.
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From Theorem 4.2.1 we get examples of non κ-Ohio complete spaces
having character κ. For instance, we may take X = Z = 2κ. Since
2κ is compact and has cardinality strictly greater than κ, the previous
theorem yields a zero-dimensional non κ-Ohio complete space Y having
character κ.

Consider now the case κ = ω and take again X = Z = 2ω. It was
proved by Dow and Pearl [15] that in this case Y ω is homogeneous.
Since Y is not Ohio complete, Y ω is also not Ohio complete, by Propo-
sition 3.2.1. So Y ω is an example of a homogeneous first-countable
space that is not Ohio complete. This provides a partial answer to
Question 2.2.13.

It is interesting to remark that the space Y ω is not of countable
type. Indeed in this case W is a compactification of Y . Observe now
that the remainder of Y in W is homeomorphic to the discrete space
of cardinality 2ω, which is not Lindelöf. So, by the Henriksen-Isbell
Theorem 1.4.3, it follows that Y is not of countable type. This implies
in particular that Y ω is not of countable type.

This example shows that being of point-countable and of countable
type is not equivalent in homogeneous spaces. This is an interesting
remark, since in topological groups these two notions coincide, as was
proved by Pasynkov in [39, Theorem 1]. In §4.5 we will focus on this
question, providing more examples of such spaces.

4.3 Closed unions

In the next example we construct a non κ-Ohio complete space that is
the union of a locally countable family of closed and κ-Ohio complete
subspaces. This shows that Corollary 2.5.3 is optimal.

4.3.1. Example. Fix an infinite cardinal κ. Consider the space κ+ and
its one-point compactification ωκ+. Let A be a family that is maximal
with respect to the following properties:

(1) A ⊆ [κ+]ω,

(2) ∀ A,B ∈ A (A ≠ B ⇒ ∣A ∩B∣ < ω).
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Recall that the well-known space Y = ψ(κ+,A ) is defined as follows
(see for instance [14, p.153]). The underlying set of Y is κ+ ∪A , the
points of κ+ are isolated and a basic neighbourhood of A ∈ A has the
form {A} ∪ (A ∖ F ), where F is finite. It is clear from the definition
that Y is covered by countable open sets.

We claim that the subspace A is not a Gκ-subset of Y . To prove
this it suffices to show that every closed subset of Y that misses A is
finite. If this were not the case, then we could find a countably infinite
closed subset C of Y that would miss A . Since the family A was chosen
maximal, there must exist some A ∈ A such that A ∩ C is countably
infinite. But then, every neighbourhood of A would intersect C, which
is a contradiction.

We let Z = Y × ωκ+ and X be the subspace of Z given by

X = (Y × κ+) ∪ (A × {∞}).

We use Proposition 2.3.6 to show that X is not κ-Ohio complete. Since
A is not a Gκ-subset of Y , the set X is not a Gκ-subset of Z. To
conclude that X is not κ-Ohio complete, observe that Z ∖X contains
no non-empty Gκ-subset of Z.

It remains to verify that X is the union of a locally countable family
of closed and Ohio complete subspaces of X. Let π be the projection
of X onto the first coordinate. We let the closed cover C of X be given
by

C = {π−1(y) ∶ y ∈ Y }.

Note that the fibers of π are homeomorphic to either ωκ+ or κ+, which
are both Ohio complete since they are locally compact. Furthermore,
since Y is locally countable in itself and π is continuous, it follows that
C is locally countable in X. ∎

4.4 Open unions

Fix an infinite cardinal κ and consider the G<κ-modification (2κ)<κ on
the space 2κ. So the topology on (2κ)<κ is generated by the collection
of all G<κ-subsets of 2κ. Now consider the following subset of 2κ:

E<κ = {x ∈ 2κ ∶ ∣{α < κ ∶ xα ≠ 0}∣ < κ}.
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Note that this set is dense in the space (2κ)<κ. Recall that the Baire
number of a space with no isolated points, also called the Novák number,
is the minimal cardinality of a family of closed nowhere dense subsets
whose union is the whole space. In [31, Lemma 1.3(b)] it is proved that
the Baire number of the space (2κ)<κ is always greater than or equal
to cf(κ+), i.e., (2κ)<κ is not the union of a family of fewer than cf(κ+)
closed nowhere dense sets. This result implies the following:

4.4.1. Lemma. If κ is a regular cardinal, then the set E<κ is not a
Gκ-subset of (2κ)<κ.

Proof. Note that since κ is regular, the set E<κ is equal to the union
of sets of the form 2α × {0}κ∖α, for α < κ. These sets are all closed and
nowhere dense in (2κ)<κ.

So if E<κ were a Gκ-subset, then its complement would be the union
of κ-many closed sets which are all nowhere dense since E<κ is dense
in (2κ)<κ. So by the previous observation, we would have that the
Baire number of the space (2κ)<κ would be less than or equal to κ,
contradicting [31, Lemma 1.3(b)]. ∎

The following theorem is the main result of the section.

4.4.2. Theorem. Let κ and λ be infinite cardinal numbers, with κ

regular. There exists a space X with the following properties:

(1) If X is λ-Ohio complete, then E<κ is a Gλ-set in (2κ)<κ,

(2) X is the union of κ-many open and κ-Ohio complete subspaces.

Proof. We set E = E<κ. For every e ∈ E, we fix a collection A(e)
of one-to-one functions from κ into F = 2κ ∖ E that is maximal with
respect to the following conditions:

(i) ∀ f ∈ A(e) and ∀ α < κ (f(α) ↾ α = e ↾ α),

(ii) ∀ f, g ∈ A(e) (f /= g ⇒ ∣f[κ] ∩ g[κ]∣ < κ).
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Consider λ+ and its one-point compactification ωλ+. For every α <
κ, we denote with Eα the subspace 2α × {0}κ∖α. Put Aα = ⋃e∈Eα

A(e)
and A = ⋃α∈κ Aα and let Z = A ∪ (F × ωλ+). If f ∈ A and α < κ, we let

U(f,α) = {f} ∪⋃{f[β] × ωλ+ ∶ α < β < κ}.

The collection B, which serves as a base for a topology on Z, is given
by

{U(f,α) ∶ f ∈ A, α < κ}∪{R×U ∶ R ⊆ F, U is an open subset of ωλ+}.

We will show that, topologized in this way, the space Z is T1 and zero-
dimensional and hence Tychonoff.

Claim 1. Z is T1 and zero-dimensional.

Proof of Claim. It suffices to prove that every point has a basis
of clopen neighbourhoods. Let z ∈ Z. We have two cases to consider.
If z ∈ A, then z = f , where f ∈ A(e) for some e ∈ E. We shall prove
that, for every α < κ, the set U(f,α) is clopen. So, pick a point
y ∈ Z ∖ U(f,α). If y ∈ F × ωλ+, then y has the form (x, y′) and it is
clear that {x}×ωλ+ is an open subset containing y and missing U(f,α).

Suppose now y = g ∈ A. If g ∈ A(e) we have ∣f[κ] ∩ g[κ]∣ < κ, by
property (ii). A moments reflection shows that there exists some β < κ

such that U(f,α) ∩U(g, β) = ∅. If g ∈ A(e′) for some e′ ≠ e, then there
exists some γ < κ such that e ↾ γ ≠ e′ ↾ γ. This implies, by property (i),
that f(γ) ↾ γ ≠ g(γ) ↾ γ, and hence ∣f(κ) ∩ g(κ)∣ < κ, so we are done
as before. This shows that U(f,α) is closed and since it is also open it
follows that it is clopen.

If the point z ∈ F × ωλ+, then z has the form (x, y) for some x ∈ F ,
y ∈ ωλ+. If y = ∞, we will show that {x} × V is clopen, where V

is any cofinite subset of ωλ+ containing the point ∞. Pick any point
z1 ∈ Z ∖ ({x} × V ). If z1 ∈ F × ωλ+ it is easily seen that there exists
some open neighbourhood of z1 missing {x} ×U .

So assume z1 = f ∈ A. If x /∈ f(κ), then it is clear that every U(f,α)
is disjoint from {x}×U . If x = f(α) for some α < κ, then for every β > α

we have f(β) ≠ x, since f is one-to-one. But this means that U(f,α)
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is disjoint from {x} × U , and we are done. If y ∈ λ+, then {(x, y)} is
clopen in {x} × ωλ+ which is, as we have just shown, clopen in Z.

Observe that this argument also shows that Z is T1, and this proves
the claim. ◀

We let X be the subspace of Z given by A∪(F×λ+). In the following
claim we will prove assertion (1).

Claim 2. If X is λ-Ohio complete, then E is a Gλ-subset in (2κ)<κ.

Proof of Claim. Striving for a contradiction, assume that X is
λ-Ohio complete but E is not a Gλ-subset in (2κ)<κ.

Since for every x ∈ F , the subspace {x}×ωλ+ of Z is homeomorphic
to ωλ+, the set Z ∖X contains no non-empty Gλ-subsets of Z. Then,
by Proposition 2.3.6 we have that X must be a Gλ-subset of Z. This
implies that A is a Gλ-subset of the subspace A∪(F ×{∞}) of Z. Hence

F = ⋃α<λ Gα, where each Gα × {∞} is closed in A ∪ (F × {∞}).
By assumption F is not an Fλ-subset in (2κ)<κ, so for some α < λ,

we have E ∩Gα ≠ ∅ (where the closure is taken in (2κ)<κ). Then we
may fix e ∈ E, such that for every β < κ, there is some g ∈ Gα such that
g ↾ β = e ↾ β. But this means that we may find an injective function
f ∶κ → Gα such that for every β < κ, f(β) ↾ β = e ↾ β.

Since the collection A(e) was maximal, it follows that for some
f ′ ∈ A(e), we have ∣f[κ] ∩ f ′[κ]∣ = κ. But this means that f ′ is in
the closure of the set Gα × {∞} (closure in A ∪ (F × {∞})), which is a
contradiction. ◀

We will now prove assertion (2), that is, that X is the union of
κ-many open and κ-Ohio complete subspaces. For each α < κ, we let
Xα = Aα∪(F ×λ+). It is not hard to verify that Xα is an open subspace
of X and of course X = ⋃{Xα ∶ α < κ}. It remains to prove that each
Xα is κ-Ohio complete.

Claim 3. For each α < κ, the space Xα is κ-Ohio complete.

Proof of Claim. Fix α < κ. Note that both Aα and F × λ+ are
discrete subspaces of Xα. Since a discrete space is (κ-)Ohio complete,
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Xα is the union of two (κ-)Ohio complete subspaces. The space F ×λ+

is clearly an open subspace of Xα, and the set Aα is a Gκ-subset of Xα.
Indeed, Aα = ⋂α≤β<κ⋃f∈Aα

(U(f, β) ∩ Xα). The first inclusion is
clear. To prove the reverse inclusion fix a point (x, y) ∈ Xα ∖ Aα =
F × λ+. Since x ∈ F , there exists some β > α such that xβ = 1, while by
construction eβ = 0, for every e ∈ Eα. This means that, for any γ > β,
we have x ↾ γ ≠ e ↾ γ, which implies that there exists no f ∈ A(e) such
that x = f(γ). It follows that (x, y) /∈ ⋃f∈Aα

(U(f, β) ∩Xα).
So it follows that Xα is the union of two Gκ-subsets which are both

κ-Ohio complete. By Corollary 2.6.3 Xα is κ-Ohio complete. ◀

This completes the proof of the theorem. ∎

The previous theorem may be applied to obtain several interesting
examples.

4.4.3. Example. Assume λ < d. Then the union of countably many
open and Ohio complete subspaces need not be λ-Ohio complete.

Proof. Consider the space X constructed in the previous theorem
with κ = ω. If X were λ-Ohio complete, then E<ω would be a Gλ-
subset of (2ω)<ω. However in this case E<ω is homeomorphic to the
space of rationals in (2ω)<ω, which is just the Cantor set. Of course,
since λ < d, the set of rationals is not a Gλ-subset of 2ω. ∎

4.4.4. Example. Assume κ regular. Then the union of κ-many open
and κ-Ohio complete subspaces need not be κ-Ohio complete.

Proof. It suffices to apply Theorem 4.4.2 with λ = κ, and then use
Lemma 4.4.1. ∎

Let us denote the least cardinal λ for which the union of λ-many
open and κ-Ohio complete subspaces may fail to be κ-Ohio complete
with the symbol O(κ). Then the following theorem holds.

4.4.5. Theorem. Let κ be an infinite cardinal number.

(1) If κ is regular then O(κ) ≤ κ.
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(2) If λ is a cardinal number such that kcov(κλ) = κ, then O(κ) > λ.

(3) Assuming the GCH, then O(κ) ≥ cf(κ).

(4) Assuming the GCH and κ regular, then O(κ) = κ.

(5) If κ < d, then O(κ) = ω.

(6)

O(ω1) =

⎧⎪⎪
⎨
⎪⎪⎩

ω1, if d = ω1,

ω, if d > ω1.

Proof. Assertion (1) follows from Example 4.4.4. Corollary 2.6.3 im-
plies (2). For assertion (3), observe that GCH implies that, if λ < cf(κ),
then κλ = κ (see Theorem 5.3.1(2), or [27, Theorem 5.15(iii)]) and then
kcov(κλ) = κ. This implies O(κ) ≥ cf(κ). Assertions (1) and (3) imply
(4). Assertion (5) follows from Example 4.4.3. Finally, (6) follows from
Corollary 2.6.4 and Example 4.4.3 (λ = ω1). ∎

4.4.6. Question. If κ is a singular cardinal is it still true that O(κ) ≤
κ?

4.5 Homogeneous spaces of point- but not of countable type

As we have remarked at the end of §4.2, the notions of point-countable
type and countable type are not equivalent in homogeneous spaces. We
provide several examples of such spaces that are even coset spaces of
topological groups.

Our first example is σ-compact and hence Lindelöf.

4.5.1. Example. There is a homogeneous σ-compact space Y such
that:

(1) Y is first-countable, hence of point-countable type,

(2) Y is not of countable type,

(3) Y has a compactification γY such that γY ∖ Y is completely
metrizable.
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Proof. Consider the Cantor set 2ω, and let 0 denote the point in 2ω

all coordinates of which are 0. Topologize X = 2ω × 2ω in the following
way:

(i) a basic neighbourhood of a point ⟨x,0⟩ has the form

U(x,A,B) = (A × 2ω) ∖ ({x} ×B),

where A,B ⊆ 2ω are clopen, 0 /∈ B and x ∈ A.

(ii) a basic neighbourhood of a point ⟨x, b⟩, where b ∈ 2ω ∖ {0}, has
the form

V (x,B) = {x} ×B,

where B is a clopen subset of 2ω such that b ∈ B and 0 /∈ B.

Observe that the space X, with the topology we have just defined, may
be viewed as the resolution of 2ω at each point x ∈ 2ω into 2ω by the
constant mapping fx∶ y ↦ 0 (see Remark 4.2.2).

It is easily verified that X is compact, first-countable (it follows from
the fact that 2ω is compact and first-countable) and zero-dimensional.

Put D = (2ω × 2ω) ∖ (2ω × {0}), and Y = (Xω ∖ Dω) × 2ω, respec-
tively. Then Y is a dense Fσ-subset of Z = Xω × 2ω. Observe that Z

is homogeneous by [15], and so is Y . Furthermore, D is not Lindelöf,
being a topological sum of continuum many copies of 2ω ∖ {0}. Hence
Z = Xω × 2ω is a compactification of Y whose remainder D′ = Dω × 2ω

is completely metrizable but not Lindelöf.
Since Y is first-countable, it is of point-countable type. So the

question arises whether it is of countable type. It clearly is not since
it has a compactification whose remainder is Dω × 2ω and hence is not
Lindelöf. So we are done by the Henriksen-Isbell Theorem 1.4.3. ∎

Example 4.5.1 raises the naive question whether every σ-compact
homogeneous space is of point-countable type. This can be answered
rather easily. Any countable dense subgroup Z of 2ω1 is a counterexam-
ple to this question. Simply observe that every compact subspace of
Z is countable, and hence it has an isolated point. So if there were
a compact subspace of Z with countable character, then Z would be
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first-countable at some (equivalently: at all) points. Since this is not
the case, we are done.

We have already observed that a Čech-complete space is of counta-
ble type (see page 11). Hence it is not by accident that our example Y

is far from being Čech-complete. So it is quite natural to ask whether
every homogeneous Baire space of point-countable type is of countable
type. It is not, as is shown in our next example which was motivated
by an example of van Douwen (cf. [18]).

4.5.2. Example. There is a homogeneous Baire space T such that:

(1) T is first-countable, hence of point-countable type,

(2) T is not of countable type.

Proof. We adopt the same notation as in Example 4.5.1. Let T be
the following subspace of Z ×Z:

T = (Y × Y ) ∪ (D′ ×D′).

We use the Homogeneity Lemma for first-countable spaces 1.5.1 to con-
clude that T is homogeneous. To this end, let U × V be a nonempty
basic clopen subset of Z×Z. Hence both U and V are nonempty clopen
subsets of Z. There are homeomorphisms α∶U → Z and β∶V → Z, such
that

α(U ∩ Y ) = Y, β(V ∩ Y ) = Y.

Let γ = α × β. Then γ∶U × V → Z × Z is a homeomorphism, and,
clearly, γ(T ∩(U ×V )) = T . Hence all points in T have arbitrarily small
homeomorphic clopen neighbourhoods in T . Hence T is homogeneous.

Observe that D′ ×D′ is a dense completely metrizable subspace of
Z ×Z. Hence D′ ×D′ is a Baire space, and so is T .

Since T is first-countable, it is of point-countable type. To check
that it is not of countable type, simply observe that its remainder R =
(Z × Z) ∖ T contains many (relatively) closed copies of D′. Hence
R is not Lindelöf, and so we are again done by the Henriksen-Isbell
Theorem 1.4.3. ∎
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Observe that the space T in Example 4.5.2 is not Lindelöf since
it contains a closed copy of D′. In the light of Example 4.5.1, this
motivates the following problem.

4.5.3. Question. Let X be a homogeneous Lindelöf Baire space of
point-countable type. Is X of countable type?

4.5.4. Remark. If G is a topological group acting on a space X, then
for every x ∈ X we let γx∶G → X be defined by γx(g) = gx. We also
let Gx = {g ∈ G ∶ gx = x} denote the stabilizer of x ∈ X. Then Gx is
evidently a closed subgroup of G.

A space X is a coset space provided that there is a topological
group G with closed subgroup H such that X and G/H = {xH ∶ x ∈ G},
considered with the quotient topology, are homeomorphic. Observe
that G acts transitively on G/H. Furthermore, it is not hard to show
that the quotient map π∶G → G/H is open. It is well-known, and easy
to prove, that G/Gx is homeomorphic to X if γx is open. Observe that
H ⊆ G is the stabilizer of H ∈ G/H. So for a space X to be a coset
space it is necessary and sufficient that there is a topological group G

acting transitively on X such that for some (all) x ∈ X the function
γx∶G → X is open.

It is known that many homogeneous spaces are coset spaces. Ford

[22] proved that all strongly locally homogeneous spaces are coset
spaces. As a consequence, all zero-dimensional homogeneous spaces
are coset spaces. Ungar [42] proved that if X is homogeneous, sepa-
rable metrizable, and locally compact then X is a coset space. This
is a consequence of the Effros Theorem on transitive actions of Polish
groups on Polish spaces (Effros [16]).

Ford [22] also gave an example of a homogeneous space that is not
a coset space, hence the class of coset spaces is a proper subclass of the
class of all homogeneous spaces.

Since our examples are zero-dimensional, they are even coset spaces.
Observe, moreover, that also the space Y ω constructed right after Theo-
rem 4.2.1 is a coset space, being homogeneous and zero-dimensional.
So, as our results show, the theorem of Pasynkov ([39, Theorem 1])
cannot be generalized to coset spaces.
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4.5.5. Remark. Let G be a topological group acting transitively on X.
We saw in Remark 4.5.4, that if for every x ∈ X, γx∶G → X is open,
then X need not be of countable type provided it is of point-countable
type. This motivates the question whether something of interest can
be concluded if for example the maps γx are all closed. Let us call
the action perfect if for some x ∈ X (equivalently: for all x ∈ X),
γx∶G → X is a perfect map. Then if X is of point-countable type, it is
of countable type. This follows trivially from known results. Indeed,
G is clearly of point-countable type, hence of countable type by the
theorem of Pasynkov. Therefore G is a paracompact p-space. But
then, X is a paracompact p-space as well by Filippov [21] and Ishii

[26]. We do not know whether it can be shown that X is of countable
type if γx∶G → X is merely assumed to be closed. Unfortunately, we
do not have natural examples of group actions that have this property,
so pursuing this question does not seem to be very interesting.



Chapter 5

On the Čech number of Σ-products

5.1 Introduction

As the title suggests, this chapter deals with the Čech-number of
Σ-products of spaces. Let us first recall some basic facts about Σ-
products. Fix an uncountable cardinal κ. By ΣIκ, we mean a Σ-
product at some base point p ∈ Iκ, which in the literature is usually de-
noted by Σ(Iκ, p). Remember that Σ(Iκ, p) = {x ∈ Iκ ∶ ∣α < κ ∶ xα ≠ pα∣ ≤

ω}. Since Iω is homogeneous, it is easily verified that the choice of the
base point is irrelevant, so that (up to homeomorphism), the space ΣIκ

is uniquely determined. For spaces X such that Xω is homogeneous,
we use a similar convention.

Observe that the space E<ω1
= {x ∈ 2ω1 ∶ ∣{α < ω1 ∶ xα ≠ 0}∣ < ω1}

constructed in §4.4 is just Σ2ω1 . From Lemma 4.4.1 it follows in parti-
cular that Č(Σ2ω1) > ω1. This observation, together with the fact that
Σ2ω1 is Gδ-dense in 2ω1 , implies that Σ2ω1 cannot be Ohio complete.
But of course it is Č(Σ2ω1)-Ohio complete. So it is natural to ask: what
is Č(Σ2ω1)?

In [38] it was claimed that the Čech-number of ΣIω1 is always
bounded by the cardinal d. Since, as we will show below, Č(Σ2ω1) =
Č(ΣIω1), that is evidently not true since d can be ω1. This fact moti-
vated us to study Č(ΣIω1), and in general Č(ΣIκ).

Observe moreover that, since Iκ is a compactification of ΣIκ, by
Proposition 1.4.4 we have Č(ΣIκ) = kcov(Iκ ∖ΣIκ). Let us point out
that in particular Iκ = βΣIκ (see [19, Exercise 3.12.24.(c)]).

71
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Recall that [κ]ω1 = {A ⊆ κ ∶ ∣A∣ = ω1}. By the symbol ●∣(ω1, κ) we
denote the least size of a family B ⊆ [κ]ω1 such that for each A ∈ [κ]ω1

there is some B ∈ B with A ⊇ B.
Regarding Č(ΣIκ) we will prove the following results.

5.1.1. Theorem. Let κ and λ be cardinal numbers, with κ ≥ ω1. Then:

(1) κ ≤ Č(ΣIκ) ≤ ●∣(ω1, κ) ≤ κω1.

(2) If λ ≤ κ, then Č(ΣIλ) ≤ Č(ΣIκ).

(3) If cf(κ) /= ω1, then Č(ΣIκ) = cf(κ) ⋅ sup{Č(ΣIλ) ∶ λ < κ}.

(4) If κω = κ, then Č(ΣIκ) = κω1.

(5) Assuming the GCH,

Č(ΣIκ) =

⎧⎪⎪
⎨
⎪⎪⎩

κ, if cf(κ) ≠ ω1,

κ+, if cf(κ) = ω1. ∎

Note that part (3) implies that if λ+ = κ /= ω1, then Č(ΣIκ) =
κ ⋅ Č(ΣIλ). Also, it follows from (2) and (4), that (4) may be replaced
by the seemingly stronger:

(4)′ If λω ≤ κ, then λω1 ≤ Č(ΣIκ).

In §5.4, we shall give a combinatorial characterization of Č(ΣIκ).
This allows us to calculate this number in certain cases and it also
leads to some useful upper and lower bounds. We will also show that
Č(ΣIω1) and d are unrelated, i.e., it is possible to have equality but
also strict inequality both ways.

Instead of dealing with the Σ-product of copies of the unit interval,
it will sometimes be more convenient to be working with the Σ-product
of the converging sequence ω+1. Although, as we said before, the choice
of base point is irrelevant, it will be convenient to explicitly choose as a
base point the constant function that is equal to ω on all coordinates.
So we let

Σ(ω+1)κ = {x ∈ (ω+1)κ ∶ {α < κ ∶ xα /= ω} is countable}.
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5.2 Preliminaries

If ⟨P,≤⟩ is a partially ordered set, then a subset D ⊆ P is called cofinal
(or dominating) in P , if for all p ∈ P , there is some d ∈ D such that p ≤ d.
A subset B ⊆ P is called bounded if there is some p ∈ P such that b ≤ p

for all b ∈ B. The smallest cardinality of a cofinal subset of P is called
the dominating number of P and it is denoted by the symbol d(P ).
Analogously, the bounding number of P is the smallest cardinality of
an unbounded subset of P and it is denoted with the symbol b(P ). It
is clear from the definition that we always have b(P ) ≤ d(P ). For more
background information on posets, dominating and bounding numbers
we refer to [14] and [13].

So the symbol ●∣(ω1, κ) introduced before is the dominating number
of the poset ⟨[κ]ω1 ,⊇⟩. See [23] and [9, §6] for more information.

For a space X, the symbol K (X) denotes the collection of all com-
pact subsets of X ordered by inclusion.

Given posets ⟨P,≤P ⟩ and ⟨Q,≤Q⟩, a map f ∶P → Q is called a cofinal
embedding of P into Q if the following conditions are satisfied:

(1) ∀ p, p′ ∈ P , p ≤P p′⇔ f(p) ≤Q f(p′),

(2) f(P ) is cofinal in Q.

If there is a cofinal embedding of P into Q, then we say that P is
cofinally embedded in Q. If this is the case then d(P ) = d(Q) and
b(P ) = b(Q) (see [13, Lemma 3]). We include the simple proof.

5.2.1. Proposition. If P is cofinally embedded in Q, then d(P ) =
d(Q) and b(P ) = b(Q).

Proof. Fix a cofinal embedding f ∶P → Q. Since f maps cofinal sub-
sets onto cofinal subsets and unbounded subsets onto unbounded sub-
sets, it follows that d(Q) ≤ d(P ) and b(Q) ≤ b(P ).

Conversely, fix a cofinal subset E ⊆ Q. Since f(P ) is cofinal in Q,
for every e ∈ E there exists a pe ∈ P such that e ≤ f(pe). We claim that
the set D = {pe ∶ e ∈ E} is cofinal in P . Indeed, fix a point p ∈ P . There
exists a point e ∈ E such that f(p) ≤ e. Since e ≤ f(pe), it follows that
f(p) ≤ f(pe), thus p ≤ pe. So d(P ) ≤ d(Q).
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The fact that b(P ) ≤ b(Q) can be proved in a similar way. This
concludes the proof. ∎

The map f ∶P → Q is called a Tukey map if it maps P -unbounded
sets onto Q-unbounded sets, see [41]. If there is a Tukey map from
P into Q, than we say that P is Tukey reducible to Q. If P is Tukey
reducible to Q, then d(P ) ≤ d(Q). Note that every cofinal embedding
is a Tukey map.

The product of two posets P and Q carries the partial ordering
defined by

(p, q) ≤ (p′, q′)
def
⇐⇒ p ≤P p′ and q ≤Q q′.

5.3 Proof of Theorem 5.1.1

This section is devoted to the proof of parts (1) - (3) & (5) of Theo-
rem 5.1.1. Part (4) of Theorem 5.1.1 is a corollary to Theorem 5.4.1
(the proof is given in §5.5 after Proposition 5.5.3).

Proof of Theorem 5.1.1(1). The first inequality of (1) follows
from [38, Corollary 4.8] and also from Proposition 5.5.1 below. The
last inequality in (1) is trivial. It remains to prove the second inequa-
lity.

Let Z = Iκ ∖ ΣIκ, where we fix the base point of ΣIκ to be the
point 0, that is the point which is equal to 0 on all coordinates. Let B

be a cofinal family in ⟨[κ]ω1 ,⊇⟩ and for B ∈ B and n < ω, let

K(B,n) = {x ∈ Iκ ∶ ∀ β ∈ B (xβ ≥ 2−n)}.

Since B is uncountable, this is a compact subset of Z. Now let K =
{K(B,n) ∶ B ∈ B and n ∈ ω}. Then ⋃K = Z. To see this, let
z ∈ Z be arbitrary. Then z is different from 0 on uncountably many
coordinates and therefore there must be some n ∈ ω such that the set
A = {α < κ ∶ zα ≥ 2−n} is uncountable. Then we may find B ∈ B such
that B ⊆ A. Clearly we have z ∈ K(B,n). ∎

Proof of Theorem 5.1.1(2). This statement follows from the fact
that if λ ≤ κ, then ΣIλ may be embedded as a closed subspace of ΣIκ,
then apply Proposition 1.4.6. ∎
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Proof of Theorem 5.1.1(3). By Theorem 5.1.1(1) and (2) it suffi-
ces to show that

Č(ΣIκ) ≤ cf(κ) ⋅ sup{Č(ΣIμ) ∶ μ < κ}.

Let ν = cf(κ) and fix a sequence {γα ∶ α < ν} of ordinals below κ such
that κ = supα<ν γα. For any ordinal γ, let Z(γ) = Iγ ∖ ΣIγ, where as
before the base point of ΣIγ is 0. Note that if ∣γ∣ = ∣γ′∣, then Z(γ) ≈
Z(γ′).

For every α < ν, fix a collection Kα ⊆ K (Z(γα)) such that ⋃Kα =
Z(γα). For α < ν, let pα∶ Iκ → Iγα be the natural projection, and let

K = {p−1α (K) ∶ K ∈ Kα and α < ν}.

We claim that K is a compact covering of Z(κ). It is clear that every
member of K is a compact subset of Z(κ). So let z ∈ Z(κ) be arbitrary.
It suffices to verify that pα(z) ∈ Z(γα) for some α < ν. There are two
possibilities for the cofinality ν of κ: either ν = ω or ν ≥ ω2. It is not
hard to verify in either case that for some α < ν, the set {β < γα ∶ zβ /= 0}
is uncountable. It follows from this observation that pα(z) ∈ Z(γα) for
some α < ν, which means we are done. ∎

For the proof of Theorem 5.1.1(5) we will make use of Theo-
rem 5.1.1(4) (which will be proved in §5.4) and of some well-known
facts about cardinal exponentiation under GCH. For completeness sake
we will mention these results. For the proofs, see for example [27,
Theorem 5.15].

5.3.1. Theorem. Assume the GCH, and let κ and λ be infinite cardi-
nals. Then:

(1) If cf(κ) ≤ λ < κ, then κλ = κ+.

(2) If λ < cf(κ), then κλ = κ. ∎

Proof of Theorem 5.1.1(5). First, assume that cf(κ) ≠ ω1. We
have two cases to consider. If cf(κ) = ω, we have Č(ΣIκ) =
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sup{Č(ΣIλ) ∶ λ < κ}, by Theorem 5.1.1(3). Furthermore, by Theo-

rem 5.1.1(1), for any uncountable λ we know that Č(ΣIλ) ≤ λω1 . Ob-
serve that λω1 < κ, for every λ < κ. Indeed, for a fixed λ < κ we have
λω1 ≤ (2λ)ω1 = max(2λ,2ω1) = max(λ+, ω2) < κ, since κ is limit (be-
ing not regular). Thus, it follows that Č(ΣIκ) ≤ κ. Since the reverse
inequality is always true by Theorem 5.1.1(1), the assertion is proved.

Assume now that cf(κ) > ω1. Hence κω = κ, by Theorem 5.3.1(2).
Applying now Theorem 5.1.1(4) and Theorem 5.3.1(2), it follows that
Č(ΣIκ) = κω1 = κ.

Finally, if cf(κ) = ω1, we have κω = κ, by Theorem 5.3.1(2).
Combining Theorem 5.1.1(4) and Theorem 5.3.1(1), it follows that
Č(ΣIκ) = κω1 = κ+. ∎

5.4 Combinatorial characterization

Although we have stated Theorem 5.1.1 in terms of Σ-products of the
unit interval, this result is true in a more general setting. Any compact
space X for which X ∖ {pt} is σ-compact and not compact will do.
This follows from the next result which also provides the announced
combinatorial characterization of the Čech-number of uncountable Σ-
products. We first explain some terminology. We let B(κ) be the
collection given by

B(κ) = {B ∈ [[κ]<ω]ω1 ∶ B is pairwise disjoint}.

Next, we say that a family C ⊆ B(κ) weakly dominates [κ]ω1 if for
every A ∈ [κ]ω1 , there is some C ∈C with the following property:

∀ C ∈ C (A ∩C /= ∅).

For more information on B(κ) and the term ‘weakly dominates’, we
refer to the next pages.

5.4.1. Theorem. Let X = ∏{Xα ∶ α < κ} be compact and let x ∈ X.
Suppose that for every α < κ, the space Xα ∖{xα} is σ-compact but not
compact. Then

Č(Σ(X,x)) = min{∣C∣ ∶C weakly dominates [κ]ω1}. ∎
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5.4.2. Remark. Theorem 5.4.1 applies to the unit interval and it also
implies that whenever X and x are as in the statement of the theorem,
then Č(Σ(X,x)) = Č(ΣIκ). This equality may also be proved in a
different way, which was pointed out to us by K.P. Hart.

For any coordinate space Xα, we may fix a continuous function
fα∶X → I such that f−1(0) = {xα}. Let f ∶X → Iκ be the product
mapping of the fα’s. The continuous function f maps the space Σ(X,x)
into ΣIκ, and from this it follows that Č(Σ(X,x)) ≤ Č(ΣIκ).

Furthermore, the hypotheses on X imply that for each α < κ, the
space Xα contains a homeomorphic copy of the converging sequence
with limit point xα. Since the countably infinite product of con-
verging sequences is homeomorphic to the Cantor set 2ω, it follows
that Σ(X,x) contains a closed copy of the space Σ2κ and therefore
Č(Σ2κ) ≤ Č(Σ(X,x)).

So it suffices to observe that Č(Σ2κ) = Č(ΣIκ). This follows from
Proposition 1.4.7 and the fact that ΣIκ is a perfect image of Σ2κ.

So, in particular, we have that Č(ΣIκ) = Č(Σ(ω+1)κ).

In this section we shall prove Theorem 5.4.1 which is the main result
of this chapter. By the previous remark, it suffices to prove the equality
for Č(Σ(ω+1)κ). We will define a partial ordering on B(κ), such that
B(κ) can be cofinally embedded in the poset K (Z(κ)), where Z(κ) =
(ω+1)κ ∖Σ(ω+1)κ.

Recall that B(κ) = {B ∈ [[κ]<ω]ω1 ∶ B is pairwise disjoint}. We
define a partial ordering ⊒ on B(κ) as follows:

A ⊒ B
def
⇐⇒ ∀ B ∈ B ∃ A ∈ A (A ⊆ B).

From now on, we shall always consider B(κ) as a poset endowed with
the partial ordering ⊒. Furthermore, we let S (κ) = B(κ) × ω be the
product of the posets ⟨B(κ),⊒⟩ and ⟨ω,≤⟩, where ω carries the usual
(well-)ordering. When dealing with σ-compact spaces, it is convenient
to use the poset S (κ). However we have the following:

5.4.3. Proposition. There is a cofinal embedding of B(κ) into S (κ).

Proof. We define f ∶B(κ) → ω as follows:

f(B) = min{n ∈ ω ∶ {B ∈ B ∶ ∣B∣ ≤ n} is uncountable}.
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This is well-defined. We will show that the map B ↦ (B, f(B)) is a
cofinal embedding of B(κ) into S (κ).

Indeed, observe that from A ⊒ B, it follows from the definition
of ⊒ that f(A ) ≤ f(B), thus the first condition (for being a cofinal
embedding) is verified.

Finally, we have to show that the range of that map is cofinal in
S (κ). This follows from the observation that for every n ∈ ω, the
collection

{B ∈ B(κ)∶ ∀ B ∈ B (∣B∣ ≥ n)}

is cofinal in B(κ). ∎

We fix κ and we write S , B and Z instead of S (κ), B(κ) and
Z(κ).

Members of S determine compact subsets of Z as follows. If σ =
(B, n) ∈ S , then we let

K(σ) = ⋂
B∈B

⋃
β∈B

p−1β [n+1],

where pβ denotes the projection of (ω+1)κ to the β-th coordinate. So
p−1β [n+1] is the compact subset of (ω+1)κ which is given by {x ∈ (ω+1)κ ∶
xβ ≤ n}. Since members of B are collections of finite subsets of κ, it
follows that K(σ) is a compact subset of (ω+1)κ whenever σ ∈ S .
Furthermore, since members of B are uncountable and pairwise dis-
joint, it follows that if x ∈ K(σ), then x is finite on uncountably many
coordinates and therefore x ∈ Z, i.e., K(σ) ∈ K (Z).

5.4.4. Proposition. The map K( ⋅ )∶S → K (Z) is a cofinal embed-
ding of S into K (Z).

Proof. First we will prove that σ ≤S σ′ if and only if K(σ) ⊆ K(σ′).
Secondly, we will show that K[S ] is a cofinal subset of K (Z).

So fix σ = (A ,m) and σ′ = (B, n). First of all, suppose that σ ≤S σ′.
To show that K(σ) ⊆ K(σ′), suppose x ∈ K(σ) and let B ∈ B be
arbitrary. Then A ⊆ B for some A ∈ A (since A ⊒ B) and therefore

x ∈ ⋃
α∈A

p−1α [m+1] ⊆ ⋃
β∈B

p−1β [n+1],



5.4 Combinatorial characterization 79

since m ≤ n. Since B ∈ B was arbitrary, this shows that x ∈ K(σ′).
Conversely, suppose that σ /≤S σ′. Then either A /⊒ B or otherwise

m > n. In the first case there is some B ∈ B such that for all A ∈ A ,
A /⊆ B. Let z ∈ (ω+1)κ be the point given by

zα =

⎧⎪⎪
⎨
⎪⎪⎩

ω, if α ∈ B,

0, if α /∈ B.

Since B is finite, z is finite on uncountably many coordinates, so
that z ∈ Z. Furthermore, we have chosen z in such a way that z ∈ K(σ)
and z /∈ K(σ′).

Secondly suppose that m > n. Then if z is the constant point of
(ω1+1)κ that is equal to m on all coordinates, we have z ∈ K(σ)∖K(σ′).

So we have proved that if σ /≤S σ′, then K(σ) /⊆ K(σ′). This
completes the first part of the proof.

Finally we will prove that K[S ] = {K(σ) ∶ σ ∈ S } is cofinal
in K (Z). So let K ∈ K (Z) be an arbitrary compact subset of Z.
We will first show the following:

Claim 1. Suppose that D is a pairwise disjoint collection of finite
subsets of κ and f ∶D → ω a map, such that the pair (D , f) satisfies
the following condition:

(∗) K ⊆ ⋂
D∈D

⋃
β∈D

p−1β [f(D)+1].

If D is countable, then the pair (D , f) is not maximal with respect
to (∗).

Proof of Claim. If D is countable, then Γ = ⋃D is also counta-
ble. By definition, every element of K is finite on uncountably many
coordinates, so we have

K ⊆ ⋃
β∈κ∖Γ

⋃
n∈ω

p−1β [{n}].

By compactness, we may find a finite set of ordinals D that is disjoint
from Γ, and a natural number n such that K ⊆ ⋃β∈D p−1β [n+1]. Then

the pair (D ∪ {D}, f ∪ {(D,n)}) also satisfies (∗). ◀
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From the claim it follows that there is some (uncountable) B ∈ B
and a map f ∶B → ω such that the pair (B, f) satisfies the condi-
tion (∗). Since B is uncountable, we may find some n ∈ ω such
that f−1({n}) is uncountable, and hence belongs to B. So if we let

σ = (f−1({n}), n), then σ ∈ S and K ⊆ K(σ). This completes the
proof. ∎

So from the previous theorem and Proposition 5.4.3, it follows that
B is isomorphic to some cofinal subset of K (Z). In fact, using the
proof of the previous theorem, it is not hard to construct a cofinal
embedding of S into K (Y ) whenever Y = X ∖Σ(X,x), where X and
x are as in the statement of Theorem 5.4.1.

It suffices to fix, on every coordinate space Xα ∖ {xα}, a strictly
increasing countable open cover Uα such that U is a compact subset
of Xα ∖ {xα} for all members U ∈ Uα. Using these compact closures,
the map K is constructed as in the case for Z. Note that we need
open covers to prove the claim in Proposition 5.4.4. See [8] for more
information.

This yields the following:

5.4.5. Corollary. Whenever X and x satisfy the conditions of Theo-
rem 5.4.1, and Y = X ∖Σ(X,x), there is a cofinal embedding of B(κ)
into K (Y ). ∎

Note that since B(κ) is cofinally embedded in K (Y ), it follows
from Proposition 5.2.1 that the dominating numbers of these posets
are equal. This is also true for the bounding number. Furthermore, it
was proved by van Engelen in [17] that d(K (X)) = kcov(K (X)),
for any space X, where K (X) is endowed with the Vietoris topology.
We include the proof.

5.4.6. Proposition. d(K (X)) = kcov(K (X)), for any space X.

Proof. Let F be a cofinal subset of K (X). Then each element of
K (X) is contained in some F ∈ F (X); so K (X) ⊆ ⋃F ∈F(X)K (F ),
where K (F ) is compact (since F is compact, [19, Problem 3.12.27(a)]).
This implies that kcov(K (X)) ≤ d(K (X)).
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Conversely, let C be a covering of K (X) by compact subsets. Then
for every C ∈ C , the set ⋃C is compact (in X). Let F = {⋃C ∶ C ∈ C }.
We claim that F is cofinal in K (X). Indeed, if K is a compact non-
empty subset of X, then K ∈ C for some C ∈ C ; hence K ⊆ ⋃C and we
are done. ∎

So we obtain:

d(B(κ)) = kcov(K (Y )).

Using the poset ⟨B(κ),⊒⟩ and Proposition 5.4.4, we can now de-
scribe the compact covering number of Z. Let us observe that there
is a natural injection i∶ [κ]ω1 ↪ B(κ), defined by i(A) = {{a} ∶ a ∈ A}.
Note that A ⊇ B if and only if i(A) ⊒ i(B).

If A ∈ [κ]ω1 and B ∈ B(κ), then we shall abuse notation and write
A ⊒ B if i(A) ⊒ B. So we have the following:

A ⊒ B ⇔ ∀ B ∈ B (A ∩B /= ∅).

A family C ⊆ B(κ) weakly dominates [κ]ω1 if and only if for every
A ∈ [κ]ω1 , there is some C ∈ C with A ⊒ C . In other words, C weakly
dominates [κ]ω1 if and only if it dominates the range of i in the poset
B(κ).

We now provide the proof of Theorem 5.4.1.

Proof of Theorem 5.4.1. As we pointed out after Remark 5.4.2 it
suffices to prove the statement for Č(Σ(ω+1)κ). We use the map K

from Proposition 5.4.4. If σ = (B, n) ∈ S , we write K(B, n) for K(σ).
By Proposition 1.4.4 it suffices to prove the equality for kcov(Z) instead
of Č(Σ(ω+1)κ).

First suppose that C weakly dominates [κ]ω1 . We claim that the
collection {K(C , n) ∶ C ∈ C and n ∈ ω} is a compact covering of Z.
To see this, let z ∈ Z be arbitrary. Then z is finite on uncountably
many coordinates and so it follows that there is some n ∈ ω for which
A = {α < κ ∶ zα = n} is uncountable. Then z ∈ K(i(A), n), so if A ⊒ C

then z ∈ K(C , n).
Next, let K be a compact covering of Z. By Proposition 5.4.4, we

may find C ⊆ B such that ∣C∣ = ∣K ∣ and such that {K(C , n) ∶ C ∈
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C and n ∈ ω} is a compact covering of Z. It remains to verify that C
weakly dominates [κ]ω1 . But if A ∈ [κ]ω1 , then by Proposition 5.4.4
there is some C ∈C with A ⊒ C . This completes the proof. ∎

Since any dominating family in B(κ) always weakly dominates
[κ]ω1 , it follows from the previous theorem that Č(ΣIκ) ≤ d(B(κ)).
This also follows from the remarks after Corollary 5.4.5, since Č(ΣIκ) =
kcov(Z(κ)) ≤ kcov(K (Z(κ))). This raises the question whether this
is an equality.

5.4.7. Question. Is Č(ΣIκ) = d(B(κ))?

5.5 Lower bounds and consistency results

In this section we will derive some lower bounds for the Čech-number
of ΣIκ. We will also show that certain inequalities we obtained may be
strict. We first complete the proof of Theorem 5.1.1.

5.5.1. Proposition. Suppose that the family A ⊆ [κ]ω1 has the pro-
perty that ∣A ∩B∣ ≤ ω for all different members A and B of A . Then
∣A ∣ ≤ Č(ΣIκ).

Proof. Fix such a family A . It suffices to show that if C weakly
dominates [κ]ω1 , then ∣A ∣ ≤ ∣C∣. So fix a weakly dominating family C
for [κ]ω1 . For every A ∈ A , pick some CA ∈ C with A ⊒ CA. It suffices
to verify that the map A ↦ CA is finite-to-one.

Assume to the contrary that there are a countably infinite subfa-
mily D of A and a member C ∈C such that D ⊒ C for all D ∈ D . We
let Γ = ⋃{A ∩B ∶ A,B ∈ D and A /= B}. Since D is countable, and by
the assumption on A , it follows that Γ is a countable subset of κ.

Since C is an uncountable pairwise disjoint family, we may find
C ∈ C such that C ∩ Γ = ∅. Since C is finite, and by the choice of Γ
this contradicts the fact that D is infinite, since every member of D

has non-empty intersection with C. ∎

Two subsets A and B of ω1 are called almost disjoint if ∣A ∩B∣ < ω1.
An almost disjoint family of subsets of ω1 is a family of pairwise almost
disjoint subsets.
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Since there is always an almost disjoint family of subsets of ω1 of size
ω2 (see for example [30, Theorem 1.2]), it follows that ω2 ≤ Č(ΣIω1).
Since Č(ΣIω2) = ω2 ⋅ Č(ΣIω1) by Theorem 5.1.1(3), we obtain the fol-
lowing:

5.5.2. Proposition. Č(ΣIω1) = Č(ΣIω2). ∎

The following proposition is well-known, we outline the simple proof
which is exactly like the proof of [30, Theorem 1.3].

5.5.3. Proposition. If κω = κ, then there is a family A ⊆ [κ]ω1 such
that ∣A ∣ = κω1 and ∣A ∩B∣ ≤ ω for all different A,B ∈ A .

Proof. Note that the assumption κω = κ implies that κ ≥ ω1. We let
J = ⋃α<ω1

κα. It follows from the assumptions that ∣J ∣ = κ, so it suffices
to construct the family A as a collection of subsets of J .

Whenever f ∈ κω1 , we let Af = {f ↾ α ∶ α < ω1} ∈ [J]ω1 . One verifies
easily that the family A = {Af ∶ f ∈ κω1} has the desired properties. ∎

This completes the proof of Theorem 5.1.1.

Proof of Theorem 5.1.1(4). If κω = κ, then it follows from Propo-
sition 5.5.1 and Proposition 5.5.3 that κω1 ≤ Č(ΣIκ). The reverse ine-
quality is always valid by Theorem 5.1.1(1). ∎

For almost disjoint families of subsets of ω1, we can do better.

5.5.4. Proposition. If 2ω < 2ω1 and 2ω < ωω1
, then Č(ΣIω1) = 2ω1.

Proof. The assumptions imply the existence of an almost disjoint
family of subsets of ω1 of size 2ω1 , see [27, Theorem 29.11]. ∎

Our second lower bound involves dominating numbers of function
spaces. Given cardinals τ and λ, the function space λτ is always en-
dowed with the ordering ≤ where f ≤ g if and only f(α) ≤ g(α) for all
α < τ . Following [40] and [13], we let d(τ, λ) be the dominating number
of the poset ⟨λτ ,≤⟩. Whenever τ and λ are equal, we just write d(τ)
instead of d(τ, τ). The cardinal d is d(ω) (see [14, §3]).

5.5.5. Corollary. d(ω1) ≤ Č(ΣIω1).
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Proof. It suffices to prove that if a family C weakly dominates [ω1]ω1 ,
then d(ω1) ≤ ∣C∣. So fix a family C that weakly dominates [ω1]ω1 .

Given C ∈C, we will construct an increasing function fC ∈ ωω1

1
such

that the collection
{fC ∶ C ∈C}

is a dominating family for ωω1

1
. So for the moment, fix some C ∈ C.

Then ∣C ∣ = ω1 and C is a pairwise disjoint family of finite subsets of ω1.
Since every initial segment of ω1 is countable, we may find a function
gC ∶ω1 → C with the following property:

∀ α,β ∈ ω1 (α < β ⇒ max gC (α) < min gC (β)).

We now let fC ∶ω1 → ω1 be defined by fC (α) = max gC (α).
We will now show that the collection {fC ∶ C ∈ C} is a dominating

family in the poset ⟨ωω1

1
,≤⟩. So fix a function f ∶ω1 → ω1. By regula-

rity of ω1, we may assume without loss of generality that f is strictly
increasing. This implies that ran(f) ∈ [ω1]ω1 .

Since C weakly dominates [ω1]ω1 , we may find C ∈ C such that
ran(f) ⊒ C . We will show that f ≤ fC . So assume to the contrary that
fC (α) < f(α) for some α ∈ ω1 and let

γ = min{α ∈ ω1 ∶ fC (α) < f(α)}.

Now let C = gC (γ) ∈ C and let β ∈ ω1 be arbitrary. Then either β < γ

or γ ≤ β. Assume first that β < γ. By minimality of γ, it follows that

f(β) ≤ fC (β) = max gC (β) < min gC (γ) = minC.

Since f(β) < minC, it follows that f(β) /∈ C. Next assume that γ ≤ β.
Then

maxC = fC (γ) < f(γ) ≤ f(β),

and this implies again that f(β) /∈ C.
So we have proved that ran(f)∩C = ∅, contradicting the assumption

that ran(f) ⊒ C . This completes the proof. ∎

We now use Theorem 5.1.1 to calculate some Čech numbers and to
show that certain strict inequalities are consistent. If κ is a cardinal
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such that ω1 ≤ κ < ωω, then it follows from Hausdorff’s formula (see [27,
p.57]) that κω = 2ω ⋅ κ and κω1 = 2ω1 ⋅ κ. Similarly, for such a cardinal
κ, we have kcov(κω) = κ ⋅ d, see Proposition 1.4.8. It was claimed after
the statement of Question 5.4 in [38] that the Čech-number of ΣIκ is
always bounded by kcov(κω), but the following result shows that this
is not true in general and that in fact the gap can be arbitrarily large.

5.5.6. Proposition. Assume CH. If ω1 ≤ κ < ωω, then kcov(κω) =
κ and Č(ΣIκ) = 2ω1 ⋅ κ. So if in addition 2ω1 > κ, then kcov(κω) <
Č(ΣIκ) = 2ω1.

Proof. This follows from the remarks we just made, Theorem 5.1.1(4)
and the well-known fact that under CH we have d = ω1. ∎

So if 2ω = ω1 and 2ω1 = ω2, it follows that Č(ΣIω1) < Č(ΣIω3).
This shows that Proposition 5.5.2 is not true in general for cardinals
above ω2.

The strict inequality of Proposition 5.5.6 may also be reversed. Fur-
thermore, the bound on the Čech-number of ΣIω1 mentioned after Que-
stion 5.4 in [38] should have been kcov(ωω1), see [8, Corollary A.8]. The
next proposition shows that this inequality may also be strict. We use
a model which is due to Miller.

We recall that kcov(ωω
1
) = d and kcov(ωω1) = d(ω1, ω), see Proposi-

tion 1.4.8 and [12] respectively.

5.5.7. Proposition. It is consistent that Č(ΣIω1) < kcov(ωω
1
) =

kcov(ωω1).

Proof. In [34, Theorem 2A], Miller constructed a model in which

●∣(ω1, ω1) ≤ ωω < ωω+1 = 2ω = 2ω1 = d.

The statement that ●∣(ω1, ω1) ≤ ωω < ωω+1 = 2ω = 2ω1 is on page 279
of that paper. Note that always κB(2ω1) ≤ κB(2ω) ≤ d ≤ 2ω, where
κB(2ω1) indicates the Baire number of 2ω1 . Moreover d has uncountable
cofinality ([14, Theorem 3.1]). Since in this model κB(2ω1) = ωω, it
follows that d = ωω+1.

Finally observe that d = kcov(ωω
1
) and the sequence of inequalities

d ≤ kcov(ωω1) ≤ 2ω1 is always valid. ∎
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Of course, it is also consistent that the three cardinals of the pre-
vious corollary are all equal. The following is well-known.

5.5.8. Observation. Assuming MA + ¬CH, Č(ΣIω1) = kcov(ωω
1
) =

kcov(ωω1).

Proof. Assuming MA + ¬CH, we have d = 2ω = 2ω1 , so as in the proof
of the previous proposition it follows that kcov(ωω

1
) = kcov(ωω1) = 2ω1 .

Finally note that ΣIω1 is a dense subset of Iω1 , which is also the
union of ω1 many closed nowhere dense sets, so under MA + ¬CH it
follows that Č(ΣIω1) = 2ω1 , see for instance [30, Theorem 3.4]. ∎

It is consistent with CH that d(ω1) < 2ω1 , see [13]. So it follows
that the inequality of Corollary 5.5.5 may be strict. The fact that
the Čech-number of ΣIω1 may be expressed as the minimal cardinality
of a dominating family of [ω1]ω1 in a suitable poset, suggests some
relationship between Č(ΣIω1) and ●∣(ω1, ω1). This is also motivated by
the fact that whenever A is an almost disjoint family of subsets of ω1,
the cardinality of A is a lower bound for both these cardinal numbers.
We have proved in Theorem 5.1.1 that Č(ΣIω1) ≤ ●∣(ω1, ω1), but we do
not know the answer to the following:

5.5.9. Question. Is it possible that Č(ΣIω1) is strictly less than
●∣(ω1, ω1)?

We will now prove that the dominating number of B(ω1) is bounded
by ●∣(ω1, ω1). So the previous question is also related to Question 5.4.7,
that is, if Question 5.4.7 has a negative answer for κ = ω1, then Que-
stion 5.5.9 has a positive answer.

5.5.10. Proposition. The poset B(ω1) is Tukey reducible to the pro-
duct of the posets ⟨[ω1]ω1 ,⊇⟩ and ⟨[ω]<ω,=⟩. So in particular d(B(ω1)) ≤
●∣(ω1, ω1).

Proof. Let ⟨P,≤P ⟩ = ⟨[ω1]ω1 ,⊇⟩ × ⟨[ω]<ω,=⟩. We will define a Tukey
map f ∶B(ω1) → P .

For every ordinal α < ω1, fix a bijection hα∶α+1 → ω with hα(α) = 0.
We define a map μ∶ [ω1]<ω → [ω]<ω as follows; if F is a finite subset of
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ω1, then μ(F ) = hβ[F ] where β = maxF . Whenever B ∈ B(ω1), we
may pick some FB ∈ [ω]<ω such that μ−1(FB) ∩B is uncountable. For
B ∈B(ω1), we now let

f(B) = ({maxB ∶ B ∈ B ∩ μ−1(FB)}, FB).

We also define the map g∶P →B(ω1) as follows;

g(B,F ) =

⎧⎪⎪
⎨
⎪⎪⎩

{h−1β (F ) ∶ β ∈ B}, if {h−1β (F ) ∶ β ∈ B} ∈ B(ω1),

{{β} ∶ β ∈ B}, otherwise.

To show that f is a Tukey map, it suffices to prove the following:

Claim 1. If f(A ) ≤P (B,F ), then A ⊒ g(B,F ).

Proof of Claim. Let f(A ) = (A,G). Since (A,G) ≤P (B,F ) we
have by definition of the product ordering that A ⊇ B and G = F . This
means that for β ∈ B, we have h−1β [F ] ∈ A . Since B is uncountable, it

follows that {h−1β (F ) ∶ β ∈ B} ∈ B(ω1), and therefore A ⊇ g(B,F ). It
follows that A ⊒ g(B,F ). ◀

It follows from the Claim that f is a Tukey map. ∎

5.5.11. Remark. If the Čech-number of ΣIω1 is equal to ●∣(ω1, ω1),
then by [8, Corollary A.8], ●∣(ω1, ω1) ≤ d(ω1, ω). It seems to be un-
known whether this inequality is true in general. If d(ω1, ω) can be
less than ●∣(ω1, ω1), then Question 5.5.9 has a positive answer (again by
[8, Corollary A.8]), but it is even unknown whether it is possible for
d(ω1, ω) to be less than 2ω1 (see for instance [33, Problem 355]). Let
us also point out here that it is unknown whether it is possible to have
●∣(ω1, ω1) = ω2 < 2ω1 , see for example [9, Problem 6.5].





Notes

This section contains notes to the text.

▶ §1.2:
The proofs of Urysohn’s Lemma 1.2.1 and Corollary 1.2.2 can be found
in [19, Theorem 1.5.11 and Corollary 1.5.12]. The proofs of Theo-
rem 1.2.4 and Theorem 1.2.5 can be found in [3, Theorem 1.3.12 and
Theorem 1.3.13]

▶ §1.3:
The proofs of the results of this section can be found in [19, §3.5 and
§3.6].

▶ §1.4:
Theorem 1.4.2 and the Henriksen-Isbell Theorem 1.4.3 are due to Hen-
riksen and Isbell. The proofs can be found in [25]. Theorem 1.4.9
and Theorem 1.4.10 can be found in [19, Theorem 3.11.3 and Theorem
3.11.10].

▶ §2.2:
Compactly rooted spaces (that is, ω-compactly rooted spaces) were
introduced by Arhangel′skĭı in [2]. Here we generalize this notion to
the κ-case. Theorem 2.2.4 and Theorem 2.2.7 are basically [2, Theorem
3.5 and Theorem 3.6].

▶ §2.3, §2.4, §2,5, §2.6:
Most of the results of these sections are generalizations of results from
[6]. There they were proved for the case κ = ω. Theorem 2.4.2 is a
generalization of [5, Theorem 3.1]. Theorem 2.4.3 is new. Lemma 2.6.1,
Theorem 2.6.2, Corollary 2.6.3 and Corollary 2.6.4 can be found in [7].

▶ §3.2:
Apart from Theorem 3.2.2, which is a generalization of [5, Theorem
3.4], the results of this section are new.
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▶ §3.3, §3.4 and §3.5:
The results of this section can be found in [5].

▶ §4.2:
Theorem 4.2.1 can be found in [6].

▶ §4.3:
Example 4.3.1 can be found in [7].

▶ §4.4:
The results of this section can be found in [7]. Theorem 4.4.2 is a ge-
neralization of [6, Example 5.7], which is, in turn, a slight modification
of [11, Example 2.4]. The proof of Claim 2 in Theorem 4.4.2 is almost
identical to the argument used in [11, Example 2.4].

▶ §4.5:
Example 4.5.1 and Example 4.5.2 can be found in [4].

▶ Chapter 5
The results of this chapter can be found in [8].
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Index of special symbols

N, 1 The set of natural numbers
Q, 1 The set of rational numbers
R, 1 The set of real numbers
P, 1 The set of irrational numbers
I, 1 The unit interval
ω, 1 The first infinite cardinal number
c, 1 The continuum
κ+, 1 The successor cardinal of κ

ωn+1, 1 The successor cardinal of ωn

CH, 1 The Continuum Hypothesis
GCH, 1 The Generalized Continuum Hypothesis
⟨α⟩, 2 The ordinal α endowed with the ordinal topology
cf(κ), 2 The cofinality of κ

d(X), 2 The density of X

χ(x,X), 2 The character of x in X

χ(X), 2 The character of X

χ(A,X), 2 The character of A in X

w(X), 2 The weight of X

X<κ, 2 The G<κ-modification of X

Xκ, 2 The Gκ-modification of X

Δ(X), 3 The diagonal of X ×X

H (X), 4 The set of all homeomorphisms from X onto itself
C (X), 5 The collection of all compactifications of X

βX, 6 The Čech-Stone compactification of X

ωX, 6 The one-point compactification of X
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96 Index of special symbols

l(X), 7 The Lindelöf number of X

Č(X), 9 The Čech-number of X

kcov(X), 9 The compact covering number of X

d, 9 The compact covering number of the irrationals
St(x,U ), 11 The star of the point x with respect to U

κO(X), 20 The collection of all κ-good compactifications of X

X ∪f Y , 23 The adjunction space determined by X, Y and f

S, 27 The Sorgenfrey line
F (X), 45 The space of all non-empty closed subspaces of X endowed

with the Vietoris topology
Σ(Iκ, p), 71 The Σ-product at the base point p in Iκ

ΣIω1 , 71 The Σ-product at the base point 0 in Iω1

●∣(ω1, κ), 72 The dominating number of the poset ⟨[κ]ω1 ,⊇⟩
[κ]ω1 , 72 The collection of subsets of κ having cardinality ω1

d(P ), 73 The dominating number of P

b(P ), 73 The bounding number of P

K (X), 73 The collection of all compact subsets of X ordered by in-
clusion

B(κ), 76 The collection given by {B ∈ [[κ]<ω]ω1 ∶ B is pairwise

disjoint}

⊒, 77 The partial order defined by ‘A ⊒ B
def
⇐⇒ ∀ B ∈ B ∃ A ∈

A (A ⊆ B)’
d(τ, λ), 83 The dominating number of the poset ⟨λτ ,≤⟩
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action of a group on a set, 4
adjunction space, 23
Alexandroff compactification

of a space, 6
Theorem, 6

almost disjoint
family, 82
subsets, 82

Baire
number of a space, 62
space, 9

bounded subset, 73
bounding number, 73

cardinal number, 1
Čech-

complete space, 9
number of a space, 9

Čech-Stone compactification, 6
character

of a point, 2
of a space, 2
of a subset, 2

clopen subspace, 4
cofinal

embedding, 73
subset, 73

cofinality, 2
cofinally embedded subset, 73
compact covering number, 9
compactification, 5
completely separated subsets, 3
coset space, 69
countably

compact space, 10
metacompact space, 36
paracompact space, 11
submetacompact space, 36
subparacompact space, 37

cozero-set, 3
crowded space, 45
C∗-embedded subspace, 3

density of a space, 2
dominating

number, 73
subset, 73

embeddable space, 5
equivalent compactifications, 5

first-countable space, 2
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homeomorphic embedding, 5
Homogeneity Lemma for first-

countable spaces, 11
homogeneous space, 4

κ-compactly rooted
family, 17
space, 17

κ-good
compactification, 20
Gκ-subset, 20

κ-locally finite family of subsets,
29

κ-Ohio
complete space, xi
embedded space, 20

limit cardinal number, 2
Lindelöf
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space, 7
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space, 45
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pκ-space, 11
paracompact space, 11
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singular cardinal number, 2
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star of a point, 11
strongly
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locally homogeneous space,

4
submetacompact space, 36
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symmetric subset of a group, 4
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weakly dominating family, 76
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Samenvatting

κ-Ohio volledigheid en gerelateerde problemen

Ohio volledigheid werd gëıntroduceerd door Arhangel′skĭı in [2] om
eigenschappen van de aangroei in compactificaties te bestuderen. Deze
eigenschap is op zichzelf erg interessant en in [7] wordt het gegene-
raliseerd naar κ-Ohio volledigheid. In dit proefschrift bestuderen we
κ-Ohio volledigheid op een systematische wijze.

Het eerste hoofdstuk bevat enkele inleidende resultaten uit de al-
gemene topologie en kan dan ook overgeslagen worden door de lezer
met een topologische achtergrond.

We beginnen het tweede hoofdstuk met wat voorbeelden van klassen
van ruimten die κ-Ohio volledig zijn voor een gegeven kardinaalgetal κ.
Het blijkt dat ruimten met Lindelöf- of Čechgetal hoogstens κ, ruimten
met een Gκ-diagonaal en pκ-ruimten κ-Ohio volledig zijn. Vervolgens
bestuderen we deelruimten van κ-Ohio volledige ruimten. Aangezien
κ-Ohio volledigheid geen erfelijke eigenschap is, concentreren we ons
op de vraag of het misschien een gesloten-erfelijke eigenschap is. Het
antwoord hierop weten we niet, maar we kunnen wel bewijzen dat
gesloten en C∗-ingebedde deelruimten van κ-Ohio volledige ruimten
weer κ-Ohio volledig zijn. Dit betekent dat in normale ruimten κ-Ohio
volledigheid gesloten-erfelijk is. Bovendien geven we voor overaftelbare
kardinaalgetallen een karakterisering van gesloten deelruimten van κ-
Ohio volledige ruimten. In het laatste gedeelte van Hoofdstuk 2 be-
handelen we somstellingen voor κ-Ohio volledigheid. We bewijzen dat
κ-Ohio volledigheid behouden blijft bij het nemen van κ-veel lokaal
eindige gesloten sommen en punt-eindige open sommen. In het bijzon-
der is de topologische som van κ-Ohio volledige ruimten weer κ-Ohio
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volledig. Ten slotte bewijzen we, onder de aanname dat d = ω1, dat
de aftelbare vereniging van ω1-Ohio volledige ruimten weer ω1-Ohio
volledig is.

Het derde hoofdstuk behandelt producten van κ-Ohio volledige
ruimten. Het is niet bekend of het product van een κ-Ohio volledige
ruimte met een compacte ruimte weer κ-Ohio volledig is. Mocht dit het
geval zijn, dan is κ-Ohio volledigheid gesloten-erfelijk. Voor oneindige
producten hebben we negatieve resultaten: we bewijzen dat voor elk
kardinaalgetal κ kleiner dan het eerste zwak onbereikbare kardinaal-
getal de ruimte ωκ+ niet κ-Ohio volledig is. Bovendien bewijzen we
dat ωω1 niet als een gesloten deelruimte in een Ohio volledige ruimte
ingebed kan worden.

In Hoofdstuk 4 bespreken we voorbeelden en tegenvoorbeelden bij
enkele vragen uit Hoofdstuk 2. We beginnen met enkele voorbeelden
van homogene, eerste aftelbare ruimten die niet Ohio volledig zijn. Dit
beantwoord Vraag 2.2.13 voor het geval κ = ω. Vervolgens presenteren
we een ruimte die niet Ohio volledig is en die geschreven kan worden
als de vereniging van een lokaal eindige familie van gesloten en κ-Ohio
volledige deelruimten. Dit beantwoordt de vraag die direct na Gevolg
2.5.6 werd gesteld. Daarna bewijzen we dat voor een kardinaalgetal κ

strikt kleiner dan d, de aftelbare vereniging van open en Ohio volledige
deelruimten niet κ-Ohio volledig hoeft te zijn. Ook laten we zien dat
voor een regulier kardinaalgetal κ de vereniging van κ-veel open en
κ-Ohio volledige deelruimten niet κ-Ohio volledig hoeft te zijn. Ten
slotte construeren we voorbeelden van homogene ruimten die van punt-
aftelbaar maar niet van aftelbaar type zijn. Deze voorbeelden zijn
gemaakt met het oog op een stelling van Pasynkov in [39] die zegt dat
een topologische groep van punt-aftelbaar type is dan en slechts dan
als die van aftelbaar type is. Onze voorbeelden tonen dus aan dat dit
resultaat niet verbeterd kan worden.

Het onderwerp van het laatste hoofdstuk is het Čechgetal van Σ-
producten. De reden om dit te bestuderen is een resultaat over ω1-
Ohio volledigheid. Met Lemma 4.4.1 volgt namelijk dat Č(Σ2ω1) strikt
groter is dan ω1. De vraag dringt zich dan op wat we precies over dit
Čechgetal kunnen zeggen. Is het bijvoorbeeld een bekend kardinaal-
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getal? We kunnen geen sluitend antwoord op deze vraag geven, maar
we presenteren wel een karakterisering van Č(Σ2ω1) met behulp van
dominerende families in een geschikt gekozen partieel geordende verza-
meling. We tonen ook aan dat dit getal strikt groter of strikt kleiner
dan d kan zijn.




